Two-Categorical Bundles and Their Classifying Spaces by Baas, Nils. A. et al.
ar
X
iv
:m
at
h/
06
12
54
9v
2 
 [m
ath
.A
T]
  1
 A
ug
 20
08 Two-Categorial Bundles and Their Classifying
Spaes
Nils A. Baas, Marel Bökstedt and Tore August Kro
∗
February 13, 2018
Abstrat
For a 2-ategory 2C we assoiate a notion of a prinipal 2C-bundle. In
ase of the 2-ategory of 2-vetor spaes in the sense of M.M. Kapranov
and V.A. Voevodsky this gives the the 2-vetor bundles of N.A. Baas, B.I.
Dundas and J. Rognes. Our main result says that the geometri nerve
of a good 2-ategory is a lassifying spae for the assoiated prinipal
2-bundles. In the proess of proving this we develop a lot of powerful
mahinery whih may be useful in further studies of 2-ategorial topol-
ogy. As a orollary we get a new proof of the lassiation of prinipal
bundles. A alulation based on the main theorem shows that the prini-
pal 2-bundles assoiated to the 2-ategory of 2-vetor spaes in the sense
of J.C. Baez and A.S. Crans split, up to onordane, as two opies of
ordinary vetor bundles. When 2C is a obordism type 2-ategory we get
a new notion of obordism-bundles whih turns out to be lassied by the
Madsen-Weiss spaes.
1 Introdution and main result
The main purpose of this paper is to introdue a general notion of bundles
assoiated to topologial 2-ategories, and lassify these. This enompasses the
notion of 2-vetor bundles developed in [3℄.
In this paper we mean by a 2-ategory what is sometimes alled a biat-
egory [6℄, or a weak 2-ategory, i.e. where the assoiativity onditions of the
horizontal omposition is relaxed. We speify strit 2-ategories when we need
them.
The key idea behind prinipal 2C-bundles is to ategorify the transition data
desription of a prinipal G-bundle by formally replaing the group G with a
2-ategory 2C. Given an ordered open over {Uα} of a spae, we assoiate
objets in 2C to points in eah Uα and 1-morphisms to points in eah double
intersetion Uα ∩ Uβ . Instead of the ordinary oyle ondition, we assoiate
∗
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2-morphisms to points in eah triple intersetion. These are subjet to a higher
oyle ondition on eah quadruple intersetion.
A 2-ategory has a geometri nerve, ∆2C, whih is a simpliial set, [10℄.
There are obvious generalizations of these nerves to topologial 2-ategories,
whih produe simpliial spaes. A prinipal 2-bundle is the same as a simpliial
map from the ordered eh omplex, U•, of the ordered open over to the
geometri nerve of the 2-ategory. Alternatively, one may desribe a prinipal
2-bundle as a 2-funtor from a ertain 2-ategory into 2C.
Two prinipal 2-bundles over X are onordant if they are the restrition to
X×{0, 1} of some prinipal 2-bundle overX×I. This is an equivalene relation,
and our aim is to determine the set of onordane lasses. We restrit to base
spaes X having the homotopy type of a CW omplex. A spae B is said to be
a lassifying spae if there is a bijetion between prinipal 2-bundles over suh
X and homotopy lasses of maps from X into B. Our main theorem, whih is
a 2-ategorial answer to M. Weiss' question, [32℄, What does the lassifying
spae of a ategory lassify?, says:
Theorem 1.1 The realization of the geometri nerve of a good topologial 2-
ategory 2C is a lassifying spae for prinipal 2C-bundles.
We get the homotopy lass in [X, |∆2C|] orresponding to a prinipal 2C-
bundle U• → ∆2C by taking geometri realization. The adjetive good on-
erns the topology of 2C, see Denition 5.5, and this ondition is satised when-
ever the total spae of 2-morphisms is a CW omplex and all soure-target maps
are Hurewiz brations, see Theorem 5.6.
In [3℄ Baas, Dundas and Rognes introdue 2-vetor bundles and dene an
assoiated seond order K-theory. The representing spetrum of this ohomol-
ogy theory is K(ku), see [3, 2℄, and it qualies as a form of ellipti ohomology
theory sine the hromati ltration essentially is 2, see [1℄. We reover in Exam-
ple 3.3 the notion of 2-vetor bundles as the prinipal 2C-bundles for a suitable
2C dened in the spirit of Kapranov and Voevodskys 2-vetor spaes.
A similar onstrution based on Baez and Crans version of 2-vetor spaes [4℄
leads to a ohomology theory whih is two opies of ordinary K-theory, and
hene not a form of ellipti ohomology, see Conlusion 3.11.
The last four setions are more tehnial. They deal with fats whih are
used in the proof of the main theorem. In Setion 4 we study the following
problem. Suppose that Z• is a simpliial spae. By applying the simpliial
funtor degreewise, we get a bisimpliial set. Let us diagonalize this bisimpliial
set. What are reasonable onditions on Z• so that this diagonal simpliial set has
the Kan property? The answer to this question, Theorem 4.4, is a topologial
Kan ondition.
In Setion 5 we provide riteria for what we think a good and suiently
brant topologial 2-ategory 2C should be, i.e. we ask when the geometri
nerve ∆2C is a good simpliial spae and when it satises the topologial Kan
ondition.
In Setion 6 we generalize the onept of onordane lasses by replaing the
geometri nerve of a topologial ategory with an arbitrary simpliial spae, Z•.
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We give some general properties (homotopy invariane, exat sequene, gluing)
for suh generalized onordane lasses. We also show how to replae arbitrary
Z• by another simpliial spae Z˜•, satisfying the topologial Kan ondition,
without hanging the set of onordane lasses. This relies on Quillen's small
objet argument.
In Setion 7 we generalize the statement of Theorem 1.1, and prove that
onordane lasses of Z•-bundles are lassied by |Z•| provided that Z• is a
good simpliial spae, Theorem 7.12.
2 Prinipal 2C-bundles
In this setion we dene what a prinipal 2C-bundle is. In our denition we
speify transition data. However, there are two other, equivalent, denitions;
either as a simpliial map from the ordered eh omplex to the geometri
nerve, or as a ontinuous funtor from a ertain 2-ategory into 2C. We end
the setion with the denition of onordane and the restatement of our main
theorem.
Our struture 2-ategory 2C will be topologial. This may be understood
in at least two dierent ways, either as a 2-ategory enrihed in spaes or as a
2-ategory internal in spaes. We take the latter, and the most general, point
of view. Hene, misunderstanding our usage of the term topologial 2-ategory
will not lead to any mistakes. Disrete (or ordinary) 2-ategories is the speial
ase where the spaes of objets, 1- and 2-morphisms have the disrete topology.
We apply the following notation: 2C0, 2C1, and 2C2 are the topologial
spaes of objets, 1-morphisms and 2-morphisms respetively. If x, y ∈ 2C0,
then 2C1(x, y) is the spae of 1-morphisms x→ y, while 2C(x, y) is the topologi-
al ategory with 1-morphisms x→ y as objets and 2-morphisms between these
as morphisms. If f, g ∈ 2C1(x, y), then 2C2(f, g) is the spae of 2-morphisms
f ⇒ g. We denote horizontal omposition by ∗, whereas vertial omposition
(of 2-morphisms) is written by juxtaposition. The natural assoiativity, left and
right unit oherene isomorphisms are denoted α, λ, and ρ respetively.
As dened in [3℄, an ordered open over U of a topologial spae X onsists
of a family {Uα} of open subsets Uα ⊆ X indexed over a partially ordered
set I suh that the family over X , i.e.
⋃
α∈I Uα = X , and whenever a nite
intersetion Uα0···αk = Uα0 ∩ · · · ∩Uαk is nonempty then the partial ordering of
I restrits to a total ordering on {α0, . . . , αk}.
Denition 2.1 Let X be a topologial spae, and let 2C be a topologial 2-
ategory. A prinipal 2C-bundle E over X onsists of an ordered open over U ,
indexed by I, together with
(1) for eah α in I a ontinuous map
Vα : Uα → 2C0,
and
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(2) for eah α < β a ontinuous family of 1-morphisms
Eαβ : Uαβ → 2C1
with soure and target Vα
Eαβ
−−−→ Vβ, and
(3) for eah α < β < γ a ontinuous family of 2-morphisms
φαβγ : Uαβγ → 2C2
with soure and target Eαγ
φαβγ
⇒ Eβγ ∗ Eαβ, suh that
(4) the diagram
Eγδ ∗ (Eβγ ∗ Eαβ)
α +3 (Eγδ ∗ Eβγ) ∗ Eαβ
Eγδ ∗ Eαγ
Eγδ∗φαβγ
KS
Eαδ
φαβδ
+3
φαγδ
ks Eβδ ∗ Eαβ
φβγδ∗Eαβ
KS
ommutes over Uαβγδ, for eah hain α < β < γ < δ in I. The 2-
morphism α is the natural assoiativity isomorphism of the 2-ategory 2C.
In Setion 3 we will give onrete examples of struture 2-ategories giv-
ing rise to dierent types of prinipal 2-bundles. In partiular, we reover the
harted 2-vetor bundles of [3℄ for a suitably hosen 2C. In the forthoming ex-
amples, it is often possible to interpret Vα, Eαβ , and φαβγ as bundles of objets,
1-morphisms, and 2-morphisms respetively.
Reall from [8, 10, 28℄, the notion of the geometri nerve ∆2C of a disrete
2-ategory 2C. The simpliial set ∆2C has 0-simplies the objets x0 of 2C.
The 1-simplies are the 1-morphisms x0
x01−−→ x1 of 2C, and the 2-simplies are
triangles
x1
x12
!!C
CC
CC
CC
C
x0
x01
==||||||||
x02
//
x012
KS
x2
where x012 is a 2-morphism x02 ⇒ x12 ∗ x01. For n ≥ 3 the n-simplies are
built from 2-simplies, suh that for eah subtetrahedron the obvious oherene
ondition for 2-morphisms is satised. The geometri nerve is 3-oskeletal, i.e.
any simplex in the geometri nerve is uniquely determined by its 3-skeleton,
see [5, Proposition 3.1℄. The denition of the geometri nerve extends, in the
obvious way, to the ases where 2C is topologial or simpliial, and then ∆2C
beomes a simpliial spae or a bisimpliial set respetively.
To an ordered over U of X we assoiate the eh omplex Cˇ• and the
ordered eh omplex U•. Their denitions are as follows: Cˇ• and U• are both
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1-oskeletal simpliial spaes (and thus determined by their 0- and 1-simplies).
We dene Cˇ0 and Cˇ1 to be ∐
α
Uα and
∐
α,β
Uαβ
respetively. The the ordered eh omplex U• is dened as the sub-simpliial
spae of Cˇ• having the same 0-simplies, but the 1-simplies being the disjoint
union of all Uαβ 's with α ≤ β.
Let | − | denote geometri realization. From [9, Theorem 2.1 and Proposi-
tion 2.6℄ we have that the spaes |Cˇ•| and |U•| are weakly equivalent to X via
the natural maps.
With the geometri nerve, we get our rst reformulation of the denition of
a prinipal 2C-bundle:
Proposition 2.2 There is a one-to-one orrespondene between prinipal 2C-
bundles subordinate to the ordered over U and simpliial maps U• → ∆2C.
Proof: Let tr3 denote the funtor trunating a simpliial spae at its 3-
skeleton. Sine the geometri nerve is 3-oskeletal, a simpliial map U• → ∆2C
orresponds to its trunation tr3 U• → tr3∆2C. The ordered eh omplex has
free degeneraies, [9, Denition A.4℄, hene the trunated map is uniquely given
as maps from the non-degenerate 0-, 1-, 2-, and 3-simplies of U• satisfying the
fae relations. These data are preisely what is written out in Denition 2.1
above. 
Below we will give two additional reformulations of Denition 2.1. The idea
is to look at U• → ∆2C and think about the geometri nerve as a right adjoint.
To illustrate this we onsider the 1-ategorial example U• → N•C, where N•C
is the nerve of the ategory C.
Dene XordU to be the topologial ategory whose spaes of objets and mor-
phisms are the disjoint unions∐
α
Uα and
∐
α≤β
Uαβ
respetively. Whenever some underlying point x ∈ X is ontained in Uα we
write xα for the objet of X
ord
U orresponding to this opy of x. Similarly, we
denote a typial morphism of XordU by xαβ . The soure and target of xαβ are
xα and xβ respetively, and omposition is given by xβγxαβ = xαγ .
Intuitively, XordU is the left adjoint ofN• applied to the ordered eh omplex
U•. Hene, there is a one-to-one orrespondene between simpliial maps U• →
N•C and ontinuous funtorsXordU → C. Also observe thatN•X
ord
U is isomorphi
to U•, so it follows that |N•XordU | is weakly equivalent to X via the natural map.
Remark 2.3 The onstrution above is related to topologial ategory XU de-
ned by Segal [25℄ as follows: To an open over U indexed by an unordered set I
5
we an assoiate a new open over over {US}, indexed over all nite non-empty
subsets S of I. There is a partial ordering of nite subsets given by inlusion
R ⊆ S. Even though {US} does not satisfy the onditions dening an ordered
open overing the onstrution of Xord{US} is still well-dened. Moreover, the at-
egory Xord{US} is equal to XU . Expliitly; the spae of objets of XU is the disjoint
union of all US and the spae of morphisms is the disjoint union of US over all
pairs R ⊆ S. The soure map forgets R, and the target map is indued from the
inlusions US ⊆ UR. By [9, Proposition 2.7℄, |N•XU | is weakly equivalent to X
via the natural map.
Denition 2.4 Let 2XnormU be the topologial 2-ategory onstruted from X
ord
U
by adding identity 2-morphisms only.
We now get the following reformulation of the denition of a prinipal 2C-
bundle subordinate to an ordered over U :
Proposition 2.5 There is a one-to-one orrespondene between simpliial maps
U• → ∆2C and ontinuous normalized olax 2-funtors F : 2XnormU → 2C.
Proof: Observe that ∆2XnormU
∼= N•XordU
∼= U•. Hene, a ontinuous normal-
ized olax 2-funtor F yields a simpliial map U• → ∆2C by funtorality of the
geometri nerve onstrution.
To reonstrut F from a simpliial map U• → ∆2C, notie that the restri-
tions to 0- and 1-morphisms, U0 → (∆2C)0 and U1 → (∆2C)1, determine F on
objets and 1-morphisms respetively. Sine F is normalized, it takes identi-
ties to identities, and there are no non-identity 2-morphisms in 2XnormU . The
remaining data of the olax 2-funtor F are 2-ells
φ : F (xαγ)⇒ F (xβγ) ∗ F (xαβ),
and we dene these to be the value of U2 → (∆2C)2 on the 2-simplies xαβγ .
The veriation of the oyle ondition on 3-ells is omitted. 
If we restrit our attention to strit 2-funtors, the left adjoint of ∆ yields
more ompliated 2-ategories. We dene:
Denition 2.6 Dene the topologial 2-ategory 2XU as follows: Let the spae
of objets, (2XU)0, be the disjoint union
∐
Uα. A typial objet is denoted
xα. Let the spae of 1-morphisms be non-assoiatively freely generated by the
disjoint union
∐
α<β Uαβ. A typial 1-morphism is thus a parenthesized sequene
of xαi−1αi 's. For example if α < β < γ < δ < ǫ and x ∈ Uαβγδǫ, then all the
following expressions are dierent 1-morphisms:
xαβ , xαγ , xβγ∗xαβ, (xγδ∗xβγ)∗xαβ , xγδ∗(xβγ∗xαβ), (xδǫ∗xγδ)∗(xβγ∗xαβ).
Observe that any 1-morphism f : xα0 → xαk has an assoiated hain α0 < α1 <
· · · < αk of indies, thus f is some parenthesizing of xαk−1αk ∗· · ·∗xα1α2 ∗xα0α1 .
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The spae of 2-morphisms (2XU)2 is dened as follows: for arbitrary 1-
morphisms f : xα0 → xαk and g : yβ0 → yβl there are either one or zero 2-
morphisms f ⇒ g. If x = y, α0 = β0 and αk = βl, and the hain α0 < α1 <
· · · < αk is a renement of β0 < β1 < · · · < βl, then there exists a unique
2-morphism f ⇒ g. Otherwise, there is no 2-morphism f ⇒ g. Let xαβγ denote
the unique 2-morphism xαγ ⇒ xβγ ∗ xαβ.
This leads to the following reformulation of Denition 2.1:
Proposition 2.7 There is a one-to-one orrespondene between simpliial maps
U• → ∆2C and ontinuous strit 2-funtors F : 2XU → 2C.
Proof: The proof is to inspet the denitions. Suppose rst that we are
given suh a strit 2-funtor F . Sine ∆2C is 3-oskeletal, a map U• → ∆2C
is uniquely determined by the maps of 0-, 1-, 2-, and 3-simplies. Restriting
F to the objets, 1-morphisms, and 2-morphisms of the form xα, xαβ , and
xαβγ we reover the maps U0 → (∆2C)0, U1 → (∆2C)1, and U2 → (∆2C)2
respetively. To get the map on 3-simplies, we need to verify the tetrahedron
oherene ondition of ∆2C. Take a 3-simplex of U•. It is represented by a point
x in Uαβγδ. Now inspet how F , in the following diagram, transforms the top,
onsisting of 2-morphisms in 2XU , into the bottom, onsisting of 2-morphisms
in 2C:
xγδ ∗ (xβγ ∗ xαβ)
FO
O
O
O
O
O
 O
O
O
O
O
O
α +3 (xγδ ∗ xβγ) ∗ xαβ
F O
O
O
O
O
O
 O
O
O
O
O
O
xγδ ∗ xαγ
F
 O
O
O
O
O
O
O
O
O
O
O
O
O
O
1∗xαβγ
3;pppppppppp
pppppppppp
xβδ ∗ xαβ
F
 O
O
O
O
O
O
O
O
O
O
O
O
O
O
xβγδ∗1
ck OOOOOOOOOO
OOOOOOOOOO
xαδ
F

O
O
O
O
O
O
O
O
O
O
O
O
O
O
xαγδ
go VVVVVVVVVVVVVVVVVVVVV
VVVVVVVVVVVVVVVVVVVVV
xαβδ
/7hhhhhhhhhhhhhhhhhhhhh
hhhhhhhhhhhhhhhhhhhhh
Eγδ ∗ (Eβγ ∗ Eαβ)
α +3 (Eγδ ∗ Eβγ) ∗ Eαβ
Eγδ ∗Eαγ
1∗φαβγ
4<pppppppppp
pppppppppp
Eβδ ∗ Eαβ .
φβγδ∗1
ck NNNNNNNNNN
NNNNNNNNNN
Eαδ
φαγδ
fn VVVVVVVVVVVVVVVVVVVV
VVVVVVVVVVVVVVVVVVVV
φαβδ
08hhhhhhhhhhhhhhhhhhhh
hhhhhhhhhhhhhhhhhhhh
This veries the tetrahedron oherene ondition.
Next, we onsider the problem of reonstruting a strit 2-funtor F : 2XU →
2C from a simplial map U• → ∆2C. The map on 0-, 1-, and 2-simplies de-
termine F on objets, 1-morphisms, and 2-morphisms of the form xα, xαβ , and
xαβγ . Now observe that 2XU is generated by suh 1- and 2-morphisms, and
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the assoiators. Thus the strit funtor F is uniquely determined by the data
above. We omit further details. 
Proposition 2.8 Let U be an ordered open over of X. The orresponding
ordered eh omplex U• embeds as a simpliial deformation retrat of ∆2XU ,
and onsequently we get a homotopy equivalene |∆2XU | ≃ X.
We know that U• ∼= ∆2XnormU . If 2X
norm
U and 2XU are biequivalent as 2-
ategories, then the result would follow from [29, Setion 10℄. However, a diret
argument is not diult:
Proof: Observe that ∆2XU atually is 2-oskeletal, and we an write any
n-simplex as a ag 

xα0 f01 f02 f03 · · · f0n
xα1 f12 f13 · · · f1n
xα2 f23 · · · f2n
xα3 · · · f3n
.
.
.
.
.
.
xαn


,
where α0 < α1 < . . . < αn, x ∈ Uα0···αn and fij : xαi → xαj are 1-morphisms
in 2XU suh that for every i < j < k there exists a 2-morphism fik ⇒ fjk ∗ fij .
Dene U• → ∆2XU by sending the n-simplex x ∈ Uα0α1···αn to the n-simplex in
∆2XU given by fij = xαiαj . Observe that this gives an inlusion, and we view
U• as a sub-simpliial spae of ∆2XU .
Now we dene a simpliial deformation retration h from ∆2XU down to U•
by
hk(fij) =


xα0 · · · xα0αk−1 xα0αk xα0αk xα0αk+1 · · · xα0αn
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
xαk−1 xαk−1αk xαk−1αk xαk−1αk+1 · · · xαk−1αn
xαk 1xαk xαkαk+1 · · · xαkαn
xαk fk k+1 · · · fkn
xαk+1 · · · fk+1n
.
.
.
.
.
.
xαn


.
These maps hk : (∆2XU )n → (∆2XU )n+1, for 0 ≤ k ≤ n, verify the usual iden-
tities for a simpliial deformation retration. 
Given a prinipal 2C-bundle E over X and a subspae A of X it is lear that
we may restrit E to A. We denote the restrition by E|A. More generally, there
is a pullbak f∗E over Y , for every ontinuous map f : Y → X .
We dene equivalene of prinipal 2C-bundles by onordane:
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Denition 2.9 Two prinipal 2C-bundles E0 and E1 over X are onordant if
there exists a prinipal 2C-bundle E over X×I suh that the restritions E|X×{0}
and E|X×{0} are E0 and E1 respetively.
Conordane is an equivalene relation. The main theorem, Theorem 1.1,
lassies the set of onordane lasses of prinipal 2C-bundles over X : under
mild assumptions on X and 2C, there is a bijetion between onordane lasses
and homotopy lasses of maps X → |∆2C|.
Remark 2.10 There are other ways to dene an equivalene relation between
prinipal 2C-bundles. In all the following ases one should allow elementary
renements of the over, ompare [3, Denition 2.4℄. In addition one delares
two prinipal 2C-bundles E0 and E1, subordinate to the same ordered open over
U , to be equivalent if either
i) there exists a natural transformation between the 2-funtors 2XU → 2C
orresponding to E0 and E1,
ii) there is an adjoint equivalene relating E0 and E1 in the 2-ategory of 2-
funtors, natural transformations and modiations, or
iii) there is a simplial homotopy U•×∆1• → ∆2C between the simpliial maps
U• → ∆2C representing E0 and E1 respetively.
This list of possible equivalene relations is not exhaustive. Under what ir-
umstanes will this atually lead to a set of equivalene lasses dierent from
the onordane lasses? Disussing this in detail would be beyond the sope
of this artile, but we believe that for ompat X and those 2C that our most
ommonly, the equivalenes of type i)iii) should all oinide with onordane.
3 Examples
In this setion we give several examples of struture 2-ategories, their prinipal
2-bundles, and the orresponding lassifying spae. Let us start o by disussing
a simple example whih illuminates the fat that dierent ategories an have
the same onordane lasses of prinipal bundles:
Example 3.1 ((Complex line bundles)) In this example we onsider the
more elementary setting of topologial ategories. In this ase the nerve, N•, and
the geometri nerve, ∆, oinide, and we may use Quillen's Theorem A, [23℄,
for alulations.
Let U(1) be the topologial group of omplex numbers with modulus 1. Need-
less to say, a prinipal bundle with struture group U(1) orresponds to a om-
plex line bundle. If we want to think about U(1) as a topologial ategory, it
has only one objet, ∗, and U(1) is the spae of morphisms. We may also think
about the spae CP
∞
as a ategory: The spae of objets is CP
∞
, and we add
identity morphisms only. It is lassial that maps X → CP∞ orresponds to a
omplex line bundle by pulling bak the anonial line bundle.
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There is an intermediate topologial ategory, whih we will denote by CU .
The spae of objets is CP
∞
. The morphisms CU(L,L′) between two omplex
lines in C∞ are the unitary linear transformations f : L → L′. To topologize
the total spae of all morphisms we onsider basis vetors b and b′ of length 1
for L and L′ respetively, together with a point c ∈ U(1). To the triple (b, b′, c)
we assoiate the transformation f : zb 7→ zcb′. Therefore CU1 is dened as the
quotient of all suh triples, where we identify (b, b′, c) with (θb, θb′, θ−1θ′c) for
all θ, θ′ ∈ U(1).
Fix a omplex line L0 in CU0. This gives an inlusion funtor i : U(1)→ CU
by viewing c ∈ U(1) as an operator on L0. For every objet L of CU , the omma
ategory L\i onsists of terminal objets only, and hene L\i is ontratible. By
Quillen's Theorem A it follows that i indues a weak equivalene
BU(1) = |N•U(1)|
≃
−→ |N•CU| = BCU .
There is also an inlusion j : CP∞ → CU given as the identity map on
objets. Let L be an arbitrary objet of CU. Observe that all morphisms of the
omma ategory L\j are identity morphisms, and that the spae of objets an
be identied with the unit sphere in C∞. Consequently, B(L\j), whih in this
ase is equal to the spae of objets, is ontratible, and by Quillen's Theorem A
it follows that j indues a weak equivalene
CP
∞ = |N•CP
∞|
≃
−→ |N•CU| = BCU .
Example 3.2 ((Gerbes)) Reall from [22, Setion 3.1℄ the notion of a loal
bundle gerbe. This ts into our framework as follows. Let 2G be the topologial
2-ategory with 2G0 = ∗, 2G1 = CP
∞
, and interpreting L,L′ ∈ CP∞ as omplex
lines in C∞, a 2-morphism f : L⇒ L′ is the same as a unitary linear transfor-
mation between these lines. Represent the lines as L = [z1, z2, z3, . . .] and L
′ =
[z′1, z
′
2, z
′
3, . . .]. Then we may write their tensor produt as line represented by the
olletion of all produts ziz
′
j, i.e. L⊗L
′ = [z1z
′
1, z2z
′
1, z1z
′
2, z1z
′
3, z2z
′
2, z3z
′
1, . . .].
This gives a map CP
∞ × CP∞ → CP∞, and whih we take as the denition of
horizontal omposition of 1-morphisms.
Now onsider a prinipal 2G-bundle. Sine CP∞ lassies omplex line bun-
dles, we interpret Eαβ as a omplex line bundle over Uαβ. From this point of
view, φαβγ is a bundle isomorphism from Eαγ to Eβγ⊗Eαβ, and it orresponds
to the trivialization θαβγ onsidered by [22℄. There is a one-to-one orrespon-
dene between stable isomorphism lasses of gerbes over X and elements of the
ohomology group H3(X ;Z), see [22, Theorem 3.3℄. Thus we write
Gerbe(X) = [X,K(Z, 3)].
Example 3.3 ((BDR 2-vetor bundles)) In order to lassify the onor-
dane lasses of 2-vetor bundles it is suient to desribe the orresponding
struture 2-ategory. By Theorem 1.1 the geometri nerve of the struture 2-
ategory lassies the onordane lasses. Sine this result depends only on
transition data, the desription of the ber plays no role here.
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Based on the 2-vetor spaes of [18℄, we dene a topologial 2-ategory 2KV(n)
as follows: Take a single point ∗ as the spae of objets, and let the 1-morphisms
be the spae of n× n-matries of omplex Grassmannians∐(
Gr(aij)
)n
i,j=1
,
where the disjoint union runs over all invertible n× n-matries (aij) onsisting
of non-negative integers. Thus a map Eαβ : Uαβ → (2KV(n))1 denes an n×n-
matrix (Eij)αβ of omplex vetor bundles suh that det(dim(Eij)αβ) = ±1. The
2-morphisms are dened as matries of linear isomorphisms, and the ompo-
sition, ∗, of 1-morphisms is dened as reverse matrix multipliation using the
exterior ⊗ of Grassmanians as produt between matrix entries, and ⊕ as sum.
This reovers the denition of harted 2-vetor bundles given in [3℄. Their
omposition · is dual to our ∗, and our φαβγ is the inverse of their φαβγ . We
write
2Vectn(X) = [X, |∆2KV(n)|].
This leads to a geometrially dened form of ellipti ohomology: Baas, Dun-
das and Rognes show in [3℄ how to dene a kind of seond order K-theory,
namely the 2K-theory of 2-vetor bundles. They onjetured that the represent-
ing spetrum was K(ku), and this has been proved by Baas, Dundas, Rihter
and Rognes in [2℄. Calulations by Ausoni and Rognes [1℄ show that this spe-
trum has telesopi omplexity 2, and hene it qualies as a form of ellipti
ohomology.
Example 3.4 ((String bundles)) Let 2S denote the surfae 2-ategory de-
ned by U. Tillmann in [31, Setion 2℄. Its objets, 1-morphisms, and 2-
morphisms are losed strings, oriented obordisms, and their dieomorphisms
respetively. Dene string bundles as prinipal 2S -bundles. The lassifying
spae |∆2S | is an innite loop spae, and it is related to the stabilized mapping
lass group of oriented surfaes, Γ∞, by the formula:
Ω|N•2S | ∼= Z×BΓ
+
∞,
see [31, Theorem 3.1℄.
Let CP
∞
−1 denote the spetrum whose 2kth spae is the Thom spae of the
omplex bundle omplementary to the anonial omplex line bundle over CP
k−1
.
By I. Madsen and M. Weiss' proof of the generalized Mumford onjeture [21℄,
the lassifying spae of string bundles is Ω∞−1CP∞−1. In [14, Denition 5.1℄ S.
Galatius, I. Madsen, U. Tillmann, and M. Weiss introdue a topologial ategory
C
+
2 of embedded oriented surfaes. By their new proof of the generalized Mumford
onjeture, the notion of prinipal C
+
2 -bundles oinides with the notion of string
bundles, up to onordane. They also introdue the notation MTSO(2) for the
spetrum CP
∞
−1. To summarize, the onordane lasses of string bundles are
lassied by Ω∞−1MTSO(2) = Ω∞−1CP∞−1, i.e.
String(X) = [X,Ω∞−1MTSO(2)] = [X,Ω∞−1CP∞−1].
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Example 3.5 ((Cobordism bundles)) Extending the previous example, we
now dene d-obordism bundles as prinipal Cd-bundles, where Cd is the topo-
logial ategory of embedded (d − 1)-manifolds and embedded obordisms intro-
dued in [14, Setion 2.1℄. Furthermore, let MTO(d) be the spetrum whose
(n+ d)th spae is the Thom spetrum of the bundle U⊥d,n omplementary to the
anonial d-plane bundle over the Grassmannian of d-planes in Rn+d. The main
theorem of Galatius, Madsen, Tillmann, and Weiss shows that the lassifying
spae of d-obordism bundles is Ω∞−1MTO(d). There are variations of these
onstrutions by plaing various types of tangential struture on the obordism
ategory, e.g. orientation, et. We write
Cobd(X) = [X,Ω∞−1MTO(d)].
Example 3.6 ((Graph bundles)) Let C∞ denote the graph obordism ate-
gory dened by Galatius in [13, Setion 3℄. We dene graph bundles as prin-
ipal C∞-bundles. On one hand, the lassifying spae BC∞ is weakly equivalent
to Ω∞−1S, where S is the sphere spetrum. On the other hand, there is a weak
equivalene Z × BAut+∞ ≃ ΩBC∞, where Aut∞ is the automorphism group of
the free group on n generators as n tends to innity. For the onordane lasses
of graph bundles over X we write
Graph(X) = [X,Ω∞−1S].
Example 3.7 ((BC 2-vetor bundles)) Let us now disuss hoies of 2C
based on Baez and Crans' 2-vetor spaes. There are numerous variations
depending on how stritly the 1-morphisms should be equivalenes, how muh
struture the 2-morphisms should ontain, and how to hoose the objets from
2-vetor spaes within the same weak equivalene lass. Let b1 and b0 be non-
negative integers and let C∗ be a 2-term hain omplex of vetor spaes.
i) Let 2B
strit
(C∗) be the 2-ategory with a single objet C∗, the 1-morphisms
are the hain isomorphisms f : C∗ → C∗, and the 2-morphisms f ⇒ g are
hain homotopies φ from f to g.
ii) Let 2B
weak
(C∗) be the 2-ategory with a single objet C∗, the 1-morphisms
are the hain equivalenes f : C∗ → C∗, and the 2-morphisms f ⇒ g are
hain homotopies φ from f to g.
iii) Let 2B
eq
(C∗) be the 2-ategory with a single objet C∗, the 1-morphisms
are tuples (f, f¯ , ιf , ǫf), where f and f¯ are hain maps C∗ → C∗, and
ιf : 1⇒ f f¯ and ǫf : f¯ f ⇒ 1 are hain homotopies, and the 2-morphisms
(f, f¯ , ιf , ǫf ) ⇒ (g, g¯, ιg, ǫg) are pairs of hain homotopies φ : f ⇒ g and
φ¯ : f¯ ⇒ g¯ suh that the following identities hold:
ιg − ιf = fφ¯+ φg¯ and ǫf − ǫg = fφ¯+ φg¯.
iv) Let 2B
ad
(C∗) be the 2-ategory with a single objet C∗, the 1-morphisms
are tuples (f, f¯ , ιf , ǫf), where f and f¯ are hain maps C∗ → C∗, and
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ιf : 1 ⇒ f f¯ and ǫf : f¯f ⇒ 1 are hain homotopies suh that the zigzag
identities
fǫf + ιff = 0 and ǫf f¯ + f¯ ǫf = 0
hold, and the 2-morphisms (f, f¯ , ιf , ǫf ) ⇒ (g, g¯, ιg, ǫg) are pairs of hain
homotopies φ : f ⇒ g and φ¯ : f¯ ⇒ g¯ suh that the following identities
hold:
ιg − ιf = fφ¯+ φg¯ and ǫf − ǫg = fφ¯+ φg¯.
v) Let 2B
weak
(b1, b0) be the 2-ategory with objets all 2-term hain omplexes
C∗ with Betti-numbers b0, b1, the 1-morphisms are the hain equivalenes
f : C∗ → C′∗, and the 2-morphisms f ⇒ g are hain homotopies φ from f
to g.
vi) Let 2B
eq
(b1, b0) be the 2-ategory with objets all 2-term hain omplexes C∗
with Betti-numbers b0, b1, the 1-morphisms are tuples (f, f¯ , ιf , ǫf ), where
f : C∗ → C′∗ and f¯ : C
′
∗ → C∗ are hain maps, and ιf : 1 ⇒ f f¯ and
ǫf : f¯f ⇒ 1 are hain homotopies, and the 2-morphisms (f, f¯ , ιf , ǫf ) ⇒
(g, g¯, ιg, ǫg) are pairs of hain homotopies φ : f ⇒ g and φ¯ : f¯ ⇒ g¯ suh
that the following identities hold:
ιg − ιf = fφ¯+ φg¯ and ǫf − ǫg = fφ¯+ φg¯.
vii) Let 2B
ad
(b1, b0) be the 2-ategory with objets all 2-term hain omplexes C∗
with Betti-numbers b0, b1, the 1-morphisms are tuples (f, f¯ , ιf , ǫf ), where
f : C∗ → C′∗ and f¯ : C
′
∗ → C∗ are hain maps, and ιf : 1 ⇒ f f¯ and
ǫf : f¯f ⇒ 1 are hain homotopies suh that the zigzag identities
fǫf + ιff = 0 and ǫf f¯ + f¯ ǫf = 0
hold, and the 2-morphisms (f, f¯ , ιf , ǫf ) ⇒ (g, g¯, ιg, ǫg) are pairs of hain
homotopies φ : f ⇒ g and φ¯ : f¯ ⇒ g¯ suh that the following identities
hold:
ιg − ιf = fφ¯+ φg¯ and ǫf − ǫg = fφ¯+ φg¯.
We will now alulate the lassifying spae in the ase v) of the example
above. Set 2B = 2B
weak
(b1, b0). In order to study 2B in more detail, we hoose
for eah objet C∗ isomorphisms
C1 ∼= H1 ⊕B and C0 ∼= B ⊕H0,
where H1 and H0 are omplex vetor spaes of omplex dimension b1 and b0
respetively, and B is an arbitrary omplex vetor spae. Moreover, we an
hoose these isomorphisms suh that the dierential d : C1 → C0 is identied
with the matrix
(
0 I
0 0
)
. A 1-morphism f : C∗ → C′∗ is then identied with a
pair of matries, (
fH1
H′1
fBH′1
0 fBB′
)
and
(
fBB′ f
H0
B′
0 fH0
H′0
)
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representing f1 and f0 respetively. Here the notation f
H1
B′ indiates a linear
map from H1 to B
′
, et. Observe that f is a hain equivalene if and only if
both fH1
H′1
and fH0
H′0
are invertible. A hain homotopy φ from f to g is a linear
map C0 = B ⊕H0 → H ′1 ⊕B
′ = C′1, and thus represented by a matrix(
φB
H′1
φH0
H′1
φBB′ φ
H0
B′
)
,
suh that
φBH′1 = f
B
H′1
− gBH′1 , φ
B
B′ = f
B
B′ − g
B
B′ , and φ
H0
B′ = f
H0
B′ − g
H0
B′ .
Horizontal omposition orresponds to matrix multipliation and vertial om-
position to addition of matries.
Beause φH0
H′1
is arbitrary the spae of hain homotopies between two xed
hain maps f and g admits an ane struture. This indiates that there are too
many 2-morphisms in 2B. Therefore, dene 2BHo as the quotient of 2B, where
the objets and 1-morphisms are the same, and two 2-morphisms from 2B are
identied in the quotient if their soure and target 1-morphisms are pairwise
equal. Expliitly, the lass of φ in 2BHo is represented by a matrix(
φB
H′1
∗
φBB′ φ
H0
B′
)
,
where we do not are about the stu in the upper right orner. Not unexpet-
edly, we get:
Lemma 3.8 The geometri nerves ∆2B and ∆2BHo are weakly equivalent.
Proof: Here is one way to show this: both 2-ategories satises the assum-
tions G1', G2', G3, and G4 of Setion 5, and the anonial map 2B → 2BHo
is a ontinuous strit 2-funtor. In order to apply Lemma 5.8, we x hain
ompexes C∗ and C
′
∗, and ompare nerves of morphism ategories:
N•2B(C∗, C
′
∗)→ N•2B
Ho(C∗, C
′
∗).
At eah simpliial degree k, this map is a ber bundle with ber an ane spae,
namely a (k − 1)-tuple of φH0H1s. Sine the ber is ontratible, the map is a
weak equivalene. 
We nish the alulation by omparing 2BHo to the produt of the omplex
general linear groups GL(b1) and GL(b0). We have 2-funtors
GL(b1)×GL(b0)
i
−→ 2BHo
H
−→ GL(b1)×GL(b0),
where i inludes GL(b1) ×GL(b0) as the automorphisms of the hain omplex
Cb1
0
−→ Cb0 , and H is homology of the hain omplex C∗, i.e. we hoose bases
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for H1 and H0 for eah objet of 2BHo. For Cb1 and Cb0 we hoose the standard
bases. Observe that the omposition Hi is the identity on GL(b1) × GL(b0).
We will now onstrut a normalized olax transformation σ from the identity
on 2BHo to the omposition iH .
The hoie of bases for H1 and H0 speies projetion maps C1 ∼= H1⊕B →
Cb1 and C0 ∼= B ⊕ H0 → Cb0 . This yields for eah hain omplex C∗ a hain
map σC∗ into C
b1 0−→ Cb0 . For a hain equivalene f : C∗ → C′∗ we observe that
H1 ⊕B
σC∗

 
f
H1
H′
1
fB
H′
1
0 fB
B′
!
// H ′1 ⊕B
′
σC′
∗

Cb1
[f
H1
H′
1
]
//
Cb1
does not ommute. Therefore we dene σf as the lass of hain homotopies
represented by the matrix
(
fBH′1
∗
)
. We leave it to the reader to verify that σ
is a normalized olax transformation.
Remark 3.9 To see why we need the intermediate 2-ategory 2BHo, try to
replae 2BHo with 2B, and then dene σ as above. In that ase take σf =(
fBH′1
0
)
. Given a pair of omposable hain maps C∗
f
−→ C′∗
g
−→ C′′∗ , observe
that, in general, we have σgf 6= g ◦σf +σg ◦f in 2B. Hene σ is not well-dened
on 2B.
We now apply the following standard tehnique:
Lemma 3.10 Let F and G be normalized olax 2-funtors 2C → 2D. A normal-
ized olax transformation φ : F → G indues a homotopy between the indued
maps |∆F | and |∆G|.
Proof: Let I be the ategory with two objets, 0 and 1, and one non-identity
morphisms, 0 → 1. Our normalized olax transformation φ denes a 2-funtor
2C × I → 2D, whih restrits to F and G over 0 and 1 respetively. Sine the
geometri nerve of I is an interval, we get our homotopy. 
This lemma immediately implies that the geometri nerve of 2BHo is weakly
equivalent to the geometri nerve of GL(b1)×GL(b0). We arrive at:
Conlusion 3.11 The geometri nerve of 2B = 2B
weak
(b1, b0) is weakly equiva-
lent to the nerve N•GL(b1)×N•GL(b0). Hene, the orresponding BaezCrans
2-vetor bundles splits, up to onordane, as two opies of ordinary vetor bun-
dles. With little or no modiation, similar alulations an be arried out for
the other 2-ategories of Example 3.7. In all ases the geometri nerve splits,
up to weak equivalene, as N•GL(b1) × N•GL(b0). We an therefore onlude
that 2K-theories based on BaezCrans 2-vetor bundles are given as two opies
of ordinary K-theory.
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4 The topologial Kan ondition
We onsider a simpliial spae Z• with a topologial Kan property. We apply
the following notation: let ∆n be the topologial n-simplex, i.e. the subspae
of Rn+1 onsisting of tuples (t0, t1, . . . , tn) suh that eah ti ≥ 0 and
∑
ti = 1.
However, ∆n• denotes the simpliial n-simplex, i.e. the simpliial set with q-
simplies all order preserving maps [q]→ [n]. We dene the spae of k-horns of
dimension n in the simpliial spae Z• to be
Λnk (Z•) =
{(z0, . . . , zk−1,−, zk+1, . . . , zn) | di(zj) = dj−1(zi), i < j, i 6= k 6= j}
⊂ Zn−1 × Zn−1 × · · · × Zn−1︸ ︷︷ ︸
n fators
We give Λnk (Z•) the subspae topology. For our purposes, it seems more natural
to assoiate this horn to the omplementary set I(k) = {0, 1, . . . , k − 1, k +
1, . . . n}. So we think of a k-horn as an I(k)-ohorn. If I ⊂ [n] = {0, 1, . . . , n},
we dene the spae of I-ohorns to be
ΛnI (Z•) =
{(zi)i∈I | di(zj) = dj−1(zi), i < j, i ∈ I ∋ j}
⊂ Zn−1 × Zn−1 × · · · × Zn−1︸ ︷︷ ︸
|I| fators
Note that Λnk = Λ
n
I(k). The fae maps di : Zn → Zn−1, i 6= k indues a anonial
map cnk : Zn → Λ
n
k (Z•), and more generally, for any I ⊂ [n] we have a anonial
map cnI : Zn → Λ
n
I (Z•).
Denition 4.1 We say that Z• satises the disrete Kan ondition if the maps
cnk are surjetive for all n and 0 ≤ k ≤ n. We say that Z• satises the topologial
Kan ondition if the maps cnk are surjetive Serre brations for all n and 0 ≤
k ≤ n.
Remark 4.2 E.H. Brown and R.H. Szzarba onsider in [7, Denition 2.1℄ a
related notion of brany.
Lemma 4.3 If the simpliial spae Z• satises the topologial Kan ondition,
then for all n and every non-empty proper subset I of [n] the map cnI is a
surjetive Serre bration.
Proof: The proof is by double indution. First by indution on n: assume
that all cn
′
I′ are surjetive Serre brations for n
′ < n and every non-empty proper
subset I ′ of [n′]. Next by downwards indution on |I| = m: assume that all
cnJ are surjetive Serre brations for all non-empty proper subsets J of [n] with
|J | > m. This is true for m = n − 2 by assumption, sine the J 's in this ase
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have the form I(k) and cnJ = c
n
I(k) = c
n
k . For the indutive step assume that
k 6∈ I and J = I ∪ {k}, so that by the indution hypothesis cnJ is a surjetive
Serre bration. Consider the anonial map whih forgets zk
rJI : Λ
n
J(Z•)→ Λ
n
I (Z•).
Then cnI = r
J
I ◦ c
n
J . So it is enough to show that the map r
J
I is a surjetive Serre
bration.
By δk : [n − 1] → [n] we denote the injetive map whih omits k, thus the
fae map dk : Zn → Zn−1 is the map indued by δk. Let the sequene (zi)i∈I
be a point in ΛnI (Z•). Let I
′ ⊂ [n− 1] be the subset determined by I = δk(I ′).
There is suh a subset, sine k 6∈ I. Moreover, |I ′| = |I| and the map δk : I ′ → I
is a bijetion. For i ∈ I ′ we dene elements
yi =
{
dk−1(zδk(i)) = dk−1(zi) if i ∈ I
′
, and i < k,
dk(zδk(i)) = dk(zi+1) if i ∈ I
′
, and k ≤ i.
We laim that the sequene (yi)i∈I′ forms an I
′
-ohorn of dimension (n− 1) in
Z•. This an be seen either by meditating on the geometry of the simplex, or
more omputationally in the following way: for i, j ∈ I ′ and i < j, we have
diyj =


didk−1(zj) = dk−2di(zj) i < j < k
didk(zj+1) = dk−1di(zj+1) i < k ≤ j
didk(zj+1) = dkdi+1(zj+1) k ≤ i < j
and also, using that (zi)i∈I is in the spae of I-ohorns,
dj−1yi =


dj−1dk−1(zi) = dk−2dj−1(zi) = dk−2di(zj) i < j ≤ k
dj−1dk−1(zi) = dk−1dj(zi) = dk−1di(zj+1) i < k < j
dj−1dk(zi+1) = dkdj(zi+1) = di+1(zj+1) k ≤ i < j.
The assoiation (zi)i∈I 7→ (yi)i∈I′ denes a ontinuous map P Ik : Λ
n
I (Z•) →
Λn−1I′ (Z•). Sine k ∈ J there is also a ontinuous map pk : Λ
n
J(Z•) → Zn−1
dened by piking out the appropriate omponent, i.e. we have pk((zi)i∈J ) = zk.
These maps t into a diagram of spaes
ΛnJ(Z•)
pk //
rJI

Zn−1
c
n−1
I′

ΛnI (Z•)
P Ik // Λn−1I′ (Z•)
This is atually a pullbak diagram. The right map is a surjetive Serre bration
by the indution hypothesis of the rst indution, so it follows that rJI is also a
surjetive Serre bration. 
We an now prove the main theorem of this setion:
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Theorem 4.4 Let Z• be a simpliial spae. Assume that Z• satises the topo-
logial Kan ondition. Then the diagonal simpliial set D• = diag(Sing• Z•) is
a Kan omplex, i.e. it satises the disrete Kan ondition.
Proof: We need to show that any horn in D• an be lled. The Kan ondi-
tion is always satised for n = 1, sine a horn of dimension 1 is lled by the
degeneray map s0 : D0 → D1. So we assume without restrition that n ≥ 2. A
k-horn of dimension n in D• onsists of a sequene of ontinuous maps
zi : ∆
n−1 → Zn−1 dened for 0 ≤ i ≤ n− 1, i 6= k,
with the property that if zi and zj are dened and i < j, then the following two
ontinuous maps agree:
∆n−2
δi−→ ∆n−1
zj
−→ Zn−1
di−→ Zn−2,
∆n−2
δj−1
−−−→ ∆n−1
zi−→ Zn−1
dj−1
−−−→ Zn−2.
Here, and in the rest of the proof, we abuse notation by not distinguishing
between a map [m]→ [n] and its ane extension to a ontinuous map∆m → ∆n
between the assoiated topologial standard simplies. The way to visualize
these zi's, is to onsider the topologial horn
Λnk = ∪i6=kδi(∆
n−1) ⊂ ∆n.
The domain of zi an be identied with the subset δi(∆
n−1) of Λnk . The
maps orresponding to zi and zj do not neessarily agree on the intersetion
δi(∆
n−1) ∩ δj(∆n−1) of these subsets, but satisfy a more ompliated ompati-
bility ondition.
Main step. We dene a ontinuous map
y : Λnk → Zn
suh that for every i 6= k we have that zi = di ◦ y ◦ δi. We dene this map
indutively. The indution is done over a sequene of subspaes of the skeleton
of Λnk , whih we dene now. By vi ∈ ∆
n
we denote the i'th vertex. Let Wr be
the union of all r-dimensional subsimplies of ∆n whih ontain vk. Then
{vk} = W0 ⊂W1 ⊂ . . .Wn−1 = Λ
n
k .
Start of indution. W0 is inluded in every subspae δi(∆
n), i 6= k, so there
exists a sequene of verties φi ∈ ∆n−1, i 6= k, suh that δiφi = vk. Let (bi)i6=k
be the sequene in Zn−1 given by bi = ziφ
i
. Take i < j, i 6= k 6= j, then there
exists a vertex ψ ∈ ∆n−2 suh that δjδi(ψ) = vk, hene φi = δj−1(ψ), and
φj = δi(ψ). Now we an hek that bi and bj satisfy
dibj = dizjφ
j = dizjδi(ψ) = dj−1ziδj−1(ψ) = dj−1ziφ
i = dj−1bi.
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Thus, (bi)i6=k lies in Λ
n
k (Z•). By assumption the map c
n
k is surjetive, so we
an nd an element a ∈ Zn suh that di(a) = bi for all i 6= k. We dene y on
W0 = {vk} by y(vk) = a ∈ Zn.
Indution step. Assume that we have dened y : Wr−1 → Zn+1 suh that
for eah i 6= k we have a ommutative diagram:
Wr−1 ∩ δi(∆
n−1)
  //
 _

Wr−1
y // Zn
di

∆n−1
zi // Zn−1.
We want to extend y to a map from Wr with the same property. To dene
this extension, it is suient to dene it on eah r-simplex in Wr. Suh a
simplex is determined by an injetive order preserving map τ : [r] →֒ [n] with
the property that τ(k′) = k for some k′ in [r]. Let I ⊂ [n] be the omplement
of the image of τ . Let us now translate the problem of extending the map y
to the simplex τ ⊂ Wr, into a problem of onstruting a map yτ : ∆r → Zn
with ertain properties. Sine τ is a general r-simplex of Wr the olletion of
all these maps yτ denes the extension of y to Wr. We have to be areful about
what the transformed problem is.
First, note that τ(∆r) ∩Wr−1 = τ(Λ
r
k′ ). Thus y
τ
is already dened on Λrk′
by indution.
There are two ases for the maps zi. If i 6∈ I, then τ(∆r) ∩ δi(∆n−1) is
ontained in Wr−1. So the zi's orresponding to these i's do not give extra
onditions on yτ , beyond that it has to be an extension of the already dened
map yτ : Λrk′ → Zn. On the other hand, if i ∈ I, we do get an extra ondition.
The image τ(∆r) is inluded in every subspae δi(∆
n), i ∈ I, so there exists
a sequene of injetive order preserving maps φi : [r] →֒ [n− 1], i ∈ I, suh that
δiφ
i = τ . Let (bi)i∈I be the sequene of maps ∆
r → Zn−1 given by bi = ziφ
i
.
Take i < j, i 6∈ I 6∋ j, then there exists an injetive order preserving map
ψ : [r] →֒ [n − 2] suh that δjδiψ = τ , hene φi = δj−1ψ, and φj = δiψ. As
before bi and bj satisfy
dibj = dizjφ
j = dizjδiψ = dj−1ziδj−1ψ = dj−1ziφ
i = dj−1bi.
Thus, the olletion (bi)i∈I gives a map b : ∆
r → Λnk(Z•). The extension prob-
lem we have to solve is the following:
Λrk′
yτ //
 _

Zn
cnI

∆r
b //
88p
p
p
p
p
p
p
ΛnI (Z•).
However, this is solvable, sine the map cnI is a Serre bration by Lemma 4.3.
This ompletes the indution step.
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Final step. We have onstruted a ontinuous map y : Λnk → Zn suh that
zi = di ◦ y ◦ δi for every i 6= k. The omposition of y with a retration ∆n → Λnk
lls the k-horn in D• that we onsidered initially. 
Remark 4.5 A k-horn, 0 ≤ k ≤ 2, in dimension 2 in D• = diag(Sing• Z•)
an be lled if Z• satises the weaker ondition that the three boundary maps
di : Z2 → Z1 are Serre brations, and that Z• satises the disrete Kan exten-
sion ondition in dimension 2.
To see this use the Kan extension property at the vertex vk to obtain a point
in Z2. Then use that di : Z2 → Z1 is a Serre bration to obtain a ontinuous
map y : Λk2 → Z2. Finally extend this to the topologial 2-simplex.
In this ase, we do not need Lemma 4.3.
We end this setion by giving a relativizing Theorem 4.4 in a speial ase:
Corollary 4.6 Let Z• be a simpliial spae, and p0 : Z0 → B a map of topolog-
ial spaes. Then the indued map diag(Sing• Z•)→ Sing•X, extending p0, is a
Kan bration provided that p0 is a Serre bration and Z• satises the topologial
Kan ondition.
Proof: Consider a simpliial n-dimensional k-horn in diag(Sing• Z•) together
with a mathing n-simplex in Sing•B. We need to nd an extension to an n-
simplex in diag(Sing• Z•). The main step of the proof of Theorem 4.4 transforms
this problem into a lifting problem of spaes, namely
Λnk //

Zn

s
&&NN
NN
NN
Z0.
p0wwooo
oo
o
∆n //
@@
B
Here, the degeneray map s : Zn → Z0 is a surjetive Serre bration by Lemma 4.3,
and p0 is a Serre bration by assumption. Hene, the lifting exists. 
5 Good and suiently brant 2-groupoids
In this setion we will give riteria on a topologial 2-ategory 2C to ensure that
its geometri nerve ∆2C is good, and in the ase 2C is a topologial 2-groupoid,
we will give riteria that ensure that∆2C satises the topologial Kan ondition.
We will use the notion of a loally equionneted (abbr. LEC) spae X , i.e.
the diagonal map X → X ×X is a losed obration. All CW-omplexes are
LEC spaes by E. Dyer and S. Eilenberg's adjuntion theorem, see [12℄. On the
other hand, as a orollary of their Theorem II.7, we get:
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Theorem 5.1 ((Dyer, Eilenberg)) Assume that X is a LEC spae, and i : A →֒
X admits a retration r : X → A. Then i is a losed obration, and A is a
LEC spae.
Proof: View A as a subset of X . A haloing funtion for A is a funtion
q : X → I suh that q−1(0) = A. A halo retrat A of X is a retrat whih
admits a haloing funtion. By [12, Theorem II.7℄ the result above follows if we
an nd a haloing funtion for our retrat A.
By Dyer and Eilenberg's haraterization of LEC spaes X , their Theo-
rem II.1, there exists a haloing funtion k : X × X → I for the diagonal in
X ×X . Now dene q : X → I by the formula
q(x) = k(x, ir(x)).
Sine q(x) = 0 if and only if x ∈ A, we have onstruted our haloing funtion
for A. 
Corollary 5.2 A simpliial spae Z•, where Zq is a LEC spae for innitely
many q, is a good simpliial spae.
Proof: By downward indution on q we assume that Zq is LEC. Any degen-
eray si : Zq−1 → Zq has a retrat, namely di. Hene, si is a losed obration
and Zq−1 is LEC. 
One basi tool to prove that a spae is LEC is:
Theorem 5.3 ((Heath, [15℄)) Assume that X, B and E are LEC spaes.
Then the pullbak of X
f
−→ B
p
←− E is a LEC spae provided that p is a Hurewiz
bration.
For nerves of topologial ategories we now get the following:
Corollary 5.4 Let C be a topologial ategory. If the total spae of morphisms
C1 is LEC and the soure map s : C1 → C0 is a Hurewiz bration, then N•C is
a good simpliial spae.
Proof: The spae of objets, C0, is LEC, sine it is a retrat of C1. We will
prove by indution thatNqC is LEC, and the result then follows by Corollary 5.2.
Observe that Nq+1C is given as the pullbak of NqC
vq
−→ C0
s
←− C1, where vq is
the last vertex map, NqC is LEC by indution, and s is a Hurewiz bration by
assumption. By Heath's theorem Nq+1C is also LEC. 
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Denition 5.5 A topologial 2-ategory 2C is alled good if its geometri nerve
∆2C is a good simpliial spae.
Let us now list the riteria on a topologial 2-ategory 2C that together imply
that 2C is good:
G1 The soure map s1 : 2C1 → 2C0 from 1-morphisms to objets is a Hurewiz
bration.
G2 The target map t2 : 2C2 → 2C1 from 2-morphisms to 1-morphisms is a
Hurewiz bration.
G3 The total spae of 2-morphisms, 2C2, is LEC.
G4 All 2-morphisms are isomorphisms vertially and the assignment (−)−1 : 2C2 →
2C2 sending a 2-morphism to its vertial inverse is ontinuous.
The assumptions G1G3 exlude pathologial 2-ategories. All examples in
Setion 3 satisfy assumptions G1G4.
Theorem 5.6 A topologial 2-ategory 2C is good if it satises the assump-
tions G1, G2, G3, and G4.
Before proving the theorem, we onsider the following lemma whih, under
assumption G4, haraterize n-simplies of ∆2C:
Lemma 5.7 Let 2C be a topologial 2-ategory whih satises G4. Then the
spae of n-simplexes (∆2C)n is homeomorphi to the spae of ags

x0 f01 φ012 φ013 φ014 φ015 · · · φ01n
x1 f12 φ123 φ124 φ125 · · · φ12n
x2 f23 φ234 φ235 · · · φ23n
x3 f34 φ345 · · · φ34n
x4 f45 · · · φ45n
x5 · · · φ56n
.
.
.
.
.
.
xn


,
where x0, x1, . . . , xn are objets of 2C, the fi i+1 : xi → xi+1 are 1-morphisms,
and φi i+1 j : fij ⇒ fi+1 j ∗ fi i+1, i+ 1 < j, are 2-morphisms.
Proof: The 1-morphisms fij with i+1 < j are impliitly dened as the soure
of the 2-morphism φi i+1 j .
Given a ag of the form above, the only data of an n-simplex in ∆2C missing
are the φijk with 0 ≤ i < j < k ≤ n and j 6= i + 1. We laim that these may
be reonstruted ontinuously from the ag and the oherene ondition of the
geometri nerve.
22
Dene the valene of the symbol φijk , 0 < i < j < k < n, to be the dierene
j − i. Observe that the ag ontains all φijk of valene 1. A subtetrahedron, of
the n-simplex under onsideration, is determined by indies 0 ≤ i < j < k < l ≤
n. Rewrite the oherene ondition for suh a subtetrahedron as the equation
φikl = (fkl ∗ φijk)
−1 α (φjkl ∗ fij)φijl.
Here (−)−1 is the inverse 2-morphism map, and α is the natural assoiativity
isomorphism. Observe that the valene of the 2-morphisms on the right hand
side is stritly less than the valene of φikl. Indutively, we use this equation as
a denition of φikl. A alulation is needed to hek that φikl does not depend
on a partiular hoie of j. For i = 0, k = 3, and l = 4, inspet the following
diagram:
f
04
φ
014

f
14
∗f
01
φ
014
∗f
01

f
24
∗f
02
φ
234
∗f
02

f
24
∗φ
012 +3 f
24
∗(f
12
∗f
01
)
φ
234
∗(f
12
∗f
01
)

+3 (f
24
∗f
12
)∗f
01
(φ
234
∗f
12
)∗f
01

(f
34
∗f
23
)∗f
02
(f
34
∗f
23
)∗φ
012 +3 (f
34
∗f
23
)∗(f
12
∗f
01
) +3 ((f
34
∗f
23
)∗f
12
)∗f
01
f
34
∗(f
23
∗f
02
)
KS
f
34
∗(f
23
∗φ
012
) +3 f
34
∗(f
23
∗(f
12
∗f
01
))
KS

f
34
∗((f
23
∗f
12
)∗f
01
) +3 (f
34
∗(f
23
∗f
12
))∗f
01
KS
f
34
∗f
03
f
34
∗φ
013 +3 f
34
∗(f
13
∗f
01
) +3
f
34
∗(φ
123
∗f
01
)
KS
(f
34
∗f
13
)∗f
01
.
(f
34
∗φ
123
)∗f
01
KS
The unmarked arrows are natural assoiativity isomorphisms. Going from f04
to f34 ∗ f03 on the left side orresponds to dening φ034 with j = 2, while the
omposition on the right side orresponds to j = 1. Sine the diagram om-
mutes, the two possible denition agree. 
Proof: [of theorem 5.6℄ It is enough to show that for all n the spae of n-
simplies, (∆2C)n is a LEC spae.
By assumption G3 it follows that 2C2 is LEC. Observe that both 2C0 and
2C1 are retrats of 2C2, where the inlusions are provided by identity maps and
the retrations by soure maps. Hene, 2C0 and 2C1 are also LEC spaes.
This provides the start of an indution on the simpliial degree n. Assume
that (∆2C)n−1 is LEC. We an onstrut (∆2C)n from the (n− 1)-simplies by
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iterated pullbak, i.e. we have a tower
(∆2C)n = Pn ։ · · ·։ P1 ։ P0 = (∆2C)n−1.
The steps of the tower orresponds to the entries in the last olumn of the ag
desribing n-simplies. P1 is the pullbak of
P0
xn−1
−−−→ 2C0
s1
և 2C1.
Here we adjoin the 1-morphism fn−1n along xn−1. The map s1 is a Hurewiz
bration by assumption G1. Hene P1 is LEC by Theorem 5.3. The spae Pk,
k > 1, is the pullbak of
Pk−1
fn−k+1, n∗fn−k, n−1+1
−−−−−−−−−−−−−−−→ 2C1
t2
և 2C2.
Here we adjoin the 2-morphisms φn−k, n−k+1, n along fn−k+1, n∗fn−k, n−1+1. By
assumptionG2, t2 is a Hurewiz bration. So Pk is LEC by Heath's theorem. 
Let 2C be a strit disrete 2-ategory. For eah pair of objets x, y in 2C0
we have a morphism ategory 2C(x, y). Applying the nerve to eah of these
morphism ategories, we get a simpliial ategory N•2C. Apply the nerve on-
strution again to produe a bisimpliial set N•N•2C. Bullejos and Cegarra [8℄
prove that the geometri nerve ∆2C is naturally weakly equivalent to the double
nerve N•N•2C.
Inspired by this, we now want to study the geometri nerve of a strit topo-
logial 2-ategory 2C via the nerves N•2C(x, y) of its morphism ategories. To
do this we introdue Ar‖(2C), the subspae of 2C1 × 2C1 onsisting of a pair
(f, g) of parallel 1-morphisms, i.e. the soure of f is also the soure of g and the
target of f is also the target of g. Observe that we have a pullbak diagram
Ar‖(2C)
f //
g

2C1
(s1,t1)

2C1
(s1,t1)// 2C0 × 2C0.
Next we strengthen the assumptions G1 and G2 as follows:
G1' The soure-target map of 1-morphisms, 2C1
(s1,t1)
−−−−→ 2C0×2C0, is a Hurewiz
bration.
G2' The soure-target map of 2-morphisms, 2C2
(s2,t2)
−−−−→ Ar‖(2C), is a Hurewiz
bration.
Together with G3 and G4, these assumptions simplies omparison of two
geometri nerves of strit 2-ategories:
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Lemma 5.8 Let 2C and 2D be strit topologial 2-ategories that satisty the
assumptions G1', G2', G3 and G4. Furthemore, let F : 2C → 2D be a ontin-
uous strit 2-funtor. If the map on objets F0 : 2C0 → 2D0 is a weak equiva-
lene, and for eah pair of objets x, y ∈ 2C0 the indued map between the nerves
of morphism ategories N•2C(x, y)→ N•2D(F (x), F (y)) is a weak equivalene,
then F indues a weak equivalene of the geometri nerves, ∆2C
≃
−→ ∆2D.
Proof: We will prove the lemma via a series of laims:
First laim. There is a natural weak equivalene |∆2C| ≃ | Sing•N•N•2C|.
Sine 2C is strit, we may form the double nerve N•N•2C, as well as the
geometri nerve ∆2C. Beause ∆2C is a good simpliial spae, by Theorem 5.6,
we have a weak equivalene | Sing•∆2C| ≃ |∆2C|. Notie that the funtor Sing•
ommutes with nerve onstrutions. Fix a simpliial degree k for the Sing•-
diretion. Observe that Singk 2C is a strit disrete 2-ategory. By Bullejos and
Cegarra's theorem we get a natural weak equivalene
|∆Singk 2C| ≃ |N•N• Singk 2C|.
This proves the laim sine a map between simpliial spaes, whih in eah
simpliial degree is a weak equivalene, is itself a weak equivalene.
Seond laim. The simpliial spae N•2C is good, and moreover, for eah
pair of objets x, y in 2C the simpliial spae N•2C(x, y) is good.
The simpliial spae N•2C is the nerve onstrution applied to the vertial
omposition of 2-morphisms. Thus Nk2C is topologized as a subspae of the
k-fold produt 2C2 × · · · × 2C2. Taking the soure and target objet, we get
a map N•2C → 2C0 × 2C0, and N•2C(x, y) denotes the ber over the pair of
objets x, y.
By Corollary 5.4 it is suient to hek that 2C2 is LEC and the soure map
s2 : 2C2 → 2C1 is a Hurewiz bration. The former is assumption G3, while the
latter holds beause of G1' and G2'.
Sine the soure-target map 2C1 → 2C0 × 2C0 is a Hurewiz bration, G1',
it follows by Heath's theorem that the soure map 2C2(x, y) → 2C1(x, y) is a
Hurewiz bration between LEC spaes, for every pair of objets x, y in 2C0.
Thus N•2C(x, y) also is good.
Third laim. The map | Sing•N•2C| → | Sing•(2C0×2C0)| is a Serre bration
with ber | Sing•N•2C(x, y)| over the path omponent orresponding to (x, y)
in 2C0 × 2C0.
Given that the map is a Serre bration, the statement about the ber is obvi-
ous. Sine the geometri realization of a Kan bration is a Serre bration, we an
use Corollary 4.6. Hene, we need to show that the map p0 : N02C → 2C0× 2C0
is Serre bration, and that N•2C satises the topologial Kan ondition. Now
observe that p0 is the soure-target map 2C1
(s1,t1)
−−−−→ 2C0 × 2C0, whene a Serre
bration by G1'.
The maps c1k : N12C → Λ
1
k(N•2C) are for k = 0 and k = 1 the target
and soure maps t2, s2 : 2C2 → 2C1. These maps are Serre brations by G1'
and G2', and they are surjetive by the vertial identity map 2C1 → 2C2.
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The maps c2k : N22C → Λ
2
k(N•2C) are homeomorphisms by G4, while the
maps cnk , for n ≥ 3, are homeomorphisms beause the nerve is 2-oskeletal.
Fourth laim. For eah k the map | Sing•NkN•2C| → | Sing• 2C
×(k+1)
0 | is
a Serre bration with ber | Sing•N•2C(x0, x1)| × · · · × | Sing•N•2C(xk−1, xk)|
over the path omponent orresponding to (x0, x1, . . . , xk) in 2C
×(k+1)
0 .
Under onsideration here is a ategory whih has 2C0 as its spae of objets
and where the olletion of 1-morphisms forms a simpliial spae N•2C. We de-
note this ategory by its morphisms, namely N•2C. Observe that the horizontal
omposition in 2C indues the omposition in N•2C.
Sine both Sing• and |−| ommutes with nite limits, the following diagram
is pullbak
| Sing•Nk+1N•2C| //

| Sing•NkN•2C| × | Sing•N•2C|

| Sing• 2C
×(k+2)
0 |
// | Sing• 2C
×(k+1)
0 | × | Sing•(2C0 × 2C0)|.
The laim now follows by indution on k.
Final laim. The map | Sing•N•N•2C| → | Sing•N•N•2D| is a weak equiv-
alene.
Observe that the previous laims applies to 2D as well. Fix a simpliial de-
gree k for the nerve orresponding to horizontal omposition. Let x0, x1, . . . , xk
be any hoie of objets in 2C, and set yi = F (xi) ∈ 2D0. We get a map of ber
sequenes
| Sing•N• (2C(x0, x1)× · · · × 2C(xk−1, xk)) | //

| Sing•N• (2D(y0, y1)× · · · × 2D(yk−1, yk)) |

| Sing•NkN•2C|

// | Sing•NkN•2D|

2C
×(k+1)
0
// 2D
×(k+1)
0 .
By the assumptions of the lemma, and the seond laim, the top and bottom
maps are weak equivalenes, and it follows that the middle map is a weak
equivalene. Sine this holds for all k, the nal laim holds.
Together the rst and the nal laim proves the lemma. 
We will now give riteria on 2C to ensure that ∆2C satises the topolog-
ial Kan ondition. Reall from [10℄ that a 2-groupoid is a 2-ategory whose
2-morphisms are isomorphisms, and whose 1-morphisms x0
f
−→ x1 indue equiv-
alenes of ategories, internally in 2C:
− ∗ f : 2C(x1, y)→ 2C(x0, y),
f ∗ − : 2C(y, x0)→ 2C(y, x1).
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We need to make the equivalene of ategories ontinuous. We rst remark that
an equivalene of ategories is the same as a pair of adjoint equivalenes. For
this and for detail about adjoint funtors, see [19, Chapter IV℄.
Our approah is to dene a spaeAdEq(2C)whose points are tuples (f, g, η, ǫ)
onsisting of 1-morphisms f : x0 → x1 and g : x1 → x0 together with 2-
morphisms η : idx0 ⇒ g ∗ f and ǫ : f ∗ g ⇒ idx1 suh that η and ǫ are iso-
morphisms whih satisfy
(ǫ ∗ f)(f ∗ η) = idf and (g ∗ ǫ)(η ∗ g) = idg.
We give AdEq(2C) the subspae topology with respet to the inlusion into
2C1 × 2C1 × 2C2 × 2C2. Thus the map π : AdEq(2C) → 2C1 sending (f, g, η, ǫ)
to f is ontinuous.
We arrive at the following reasonable set of brany onditions:
SF1 2C is a topologial 2-groupoid.
SF2 The soure and target maps for the 1-morphisms are Serre brations.
SF3 The maps from 2C2 to 2C1 given by the soure and by the target of 2-
morphisms are both Serre brations.
SF4 The assignment sending a 2-morphism to its vertial inverse is ontinuous.
SF5 The map π : AdEq(2C)→ 2C1 is a Serre bration.
Lemma 5.9 Assume that 2C is a topologial 2-ategory satisfying SF1, SF4,
and SF5. Let ψ : Dn → 2C2 and f, hs, ht : Dn → 2C1 be maps suh that the
target of f is the soure of both hs and ht, and ψ : hs ∗ f ⇒ ht ∗ f . Then there
exists a unique map φ : Dn → 2C2 suh that
φ ∗ f = ψ
for all points in Dn. Similarly, if ψ : Dn → 2C2 and f ′, h′s, h
′
t : D
n → 2C1
are suh that the soure of f is equal to the target of both h′s and h
′
t, and
ψ : f ′ ∗h′s ⇒ f
′ ∗h′t, then there is a unique φ
′ : Dn → 2C2 suh that f ′ ∗φ′ = ψ.
Proof: We prove the rst part, the last statement is dual. We view φ ∗ f = ψ
as an equation parameterized over Dn, where f and ψ are known, and φ is the
unknown to be solved for.
By the assumptions SF1 and SF5 there are maps g : Dn → 2C1 and η, ǫ : Dn →
2C2 suh that (f, g, η, ǫ) is an adjoint equivalene for all points in Dn. The fol-
lowing ommutative diagram shows that φ an be expressed uniquely in terms
of ψ ∗ g = (φ ∗ f) ∗ g, the adjoint equivalene, and other known quantities:
(hs ∗ f) ∗ g
ψ∗g

hs ∗ (f ∗ g)
φ∗(f∗g)

αks hs∗ǫ +3 hs ∗ id
φ∗id

ρ
+3 hs
φ

(ht ∗ f) ∗ g ht ∗ (f ∗ g)
αks ht∗ǫ +3 ht ∗ id
ρ
+3 ht.
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Here α and ρ denote the natural assoiativity isomorphism and natural right
unit isomorphism of 2C respetively. Also, when writing out the expression for
φ, we observe that assumption SF4 is used to invert some 2-morphisms. This
ompletes the proof. 
We made the denition above beause of the following theorem.
Theorem 5.10 If SF1, SF2, SF3, SF4, and SF5 holds for a topologial 2-
ategory 2C, then the geometri nerve ∆2C satises the topologial Kan ondi-
tion.
Proof: We have to show that all ll-horn-maps
ck : (∆2C)n → Λ
k
n(∆2C)
are surjetive Serre brations. By [10, Theorem 8.6℄ all maps ck are surjetive.
It remains to show that they are Serre brations. Sine ∆2C is 3-oskeletal, the
cks are homeomorphisms in dimensions n > 3. For n = 1 the ll-horn-maps c0
and c1 are the soure and target maps 2C1 → 2C0, whih are Serre brations by
ondition SF2.
For n = 3 there are essentially two dierent ases to onsider. For k = 1 and
k = 2 the ll-horn-map ck asks us to solve the oherene equation
(φ123 ∗ f01)φ013 = α(f23 ∗ φ012)φ023
with respet to φ023 and φ013 given all other 1- and 2-morphisms. This an be
done ontinuously using assumption SF4 alone. Hene c1 and c2 are homeo-
morphisms. Next onsider the ase k = 0. In order to show that c0 is a Serre
bration we view the oherene ondition above as an equation, parameterized
over some disk Dm × I, and with φ123 as the unknown. We want to extend a
solution φ123 : D
m×{0} → 2C2 to all parameters Dm×I. Using the ontinuous
inverse we redue to a parameterized equation of the form φ ∗ f = ψ. This has
a unique solution by Lemma 5.9. The ase k = 3 is similar.
The rest of the proof onerns the ase n = 2, i.e. we are trying to nd lifts
for all diagrams of the form
Dm × {0} // _

∆(2C)2
ck

Dm × I //
88
Λk2(∆2C).
In the ase k = 1 observe that the following diagram is pullbak:
∆(2C)2
c1

φ012 // 2C2
target

Λ12(∆2C)
f12∗f01 // 2C1.
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Thus c1 is a Serre bration by assumption SF3.
Next we onsider the ase k = 0. The map Dm× I → Λ02(∆2C) orresponds
to families of 1-morphisms f01 and f02, parametrized over D
m × I, suh that
the soure of f01 equals the soure of f02. The map D
m → ∆2C2 orresponds
to two additional maps f12 : D
m → 2C1 and φ012 : D
m → 2C2 suh that the
following diagram ommutes for all parameters in Dm:
•
f12
  A
AA
AA
AA
•
f01
??
f02
//
φ012
KS
•.
We an hoose g : Dm× I → 2C1 and η, ǫ : Dm× I → 2C2 suh that (f01, g, η, ǫ)
is an adjoint equivalene for all parameters. By assumption SF3 we may solve
the lifting problem
Dm × {0}
(f12∗ǫ)(φ012∗g) //
 _

2C2
soure

Dm × I
f02∗g //
ψ
44
2C1.
Furthermore, by Lemma 5.9 and assumption SF4 the equation
(f12 ∗ ǫ)(φ012 ∗ g) = ψ
has a unique solution for φ012 for all parameters D
m × I, and by uniqueness
this solution extends the given φ012 dened for parameters D
m × {0}.
The ase k = 2 is dual to the ase k = 0. This nishes the proof. 
6 Conordane theory
Fix a simpliial spae Z•. In this setion we will dene the notion of a Z•-
bundle over a topologial spae X , and study its homotopy properties up to
onordane. In the ase Z• = ∆2C this reovers the notion of prinipal 2C-
bundles.
Denition 6.1 A Z•-bundle E over X onsists of an ordered open over U
together with a simpliial map φ : U• → Z•, where U• is the ordered eh
omplex of U .
We have to be preise about our onventions and denitions regarding overs.
For every over U we will assume that eah Uα ∈ U is non-empty. We say that
U ′ is a renement of U if there exists a arrier funtion c : I ′ → I between
the respetive indexing sets suh that for eah α ∈ I ′ the set U ′α is ontained
in Uc(α). Whenever the indexing sets I and I
′
are partially ordered, we will
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demand that any arrier funtion is order-preserving. Observe that to any
renement together with a hoie of arrier funtion there is a anonial way
of assoiating a simpliial map U ′• → U• between the orresponding (ordered)
eh omplexes. Speializing the notion of a renement with arrier funtion,
we say that a over U ′ is a shrinking of U , and we write U ′ ⊆ U , if the indexing
set I ′ is a subset of I and for eah α ∈ I ′ we have U ′α ⊆ Uα. A over U is good
if eah nite intersetion Uα0···αk =
⋂k
i=0 Uαi is either empty or ontratible.
Given a map f : X → Y , we may pull bak a Z•-bundle E over Y to X as
follows: let U ′ be the ordered open over of X onsisting of the non-empty open
sets having the form f−1(Uα) where Uα ∈ U . There is a natural map of ordered
eh omplexes U ′• → U•. Dene f
∗E to be U ′ together with the omposition
U ′• → U•
φ
−→ Z•. The pullbak to a subspae A ⊆ X is alled a restrition and
will be denoted E|A.
Denition 6.2 We say that E0 and E1 over X are onordant if there exists a
Z•-bundle E over X × I suh that the restritions to X ×{0} and X ×{1} give
E0 and E1 respetively. Let Con(X,Z•) be the set of all onordane lasses of
Z•-bundles over X. The lass in Con(X,Z•) orresponding to E will be written
as [E ].
Observe that onordane is an equivalene relation.
Before proeeding with building the onordane theory of Z•-bundles, it
is nie to present an interesting example of Z•-bundles where Z• is not the
geometri nerve of a 2-ategory:
Example 6.3 Wirth and Stashe, [34℄, desribe loally homotopy trivial bra-
tions with ber F . It seems plausible that we an dene a simpliial spae with
k-simplexes, Zk, the spae of all homotopy oherent funtors from [k] to the topo-
logial monoid of homotopy equivalenes of F , H(F ). In that ase a Z•-bundle
should be the same as a homotopy transition oyle, see [34, Denition 2.5℄.
Moreover, if Z• is good, then our Theorem 7.12 shows that these brations are
lassied by |Z•|. Furthermore, |Z•| should be weakly equivalent to BH(F ) for
reasonable F .
In the theory that follows we will also onsider lasses of Z•-bundles over X
xed on some subspae A. We say that two Z•-bundles E0 and E1 over X are
equal on A if the restrition E|A equals E ′|A. We will use the notation X × I/A
for the quotient spae of X × I where we identify (x, t) and (x′, t′) whenever
x = x′ lies in A. Let i0 and i1 denote the inlusions of X into X × I/A given
by sending x ∈ X to (x, 0) and (x, 1) respetively. If E0 and E1 over A are equal
on A, then they are onordant relative to A if there exists a Z•-bundle E ′ over
X × I/A suh that i∗0E
′ = E0 and i∗1E
′ = E1. Fixing a Z•-bundle EA over A, we
denote by
ConZ•(X,A; EA)
the set of all E over X whose restrition to A equals EA modulo the equivalene
relation of onordane relative to A.
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Taking a more ategorial approah to onordane, we will now onsider
presheaves on spaes, i.e. funtors F : Topop → Set . Sending a spae X to the
set of Z•-bundles over X denes our rst example of a presheaf on spaes, and
we let FZ• denote this presheaf. More generally, we will onsider presheaves,
F : T op → Set , dened on ategories T satisng the following onditiuons:
i) There is a faithful funtor V : T → Top suh that
ii) The funtor V reates pushouts in T , i.e. whenever given a span B ←
A→ X in T , the pushout Y ′ of
V (B)← V (A)→ V (X)
in Top has a unique lifting to a pushout Y of the original span in T .
iii) Moreover, if A →֒ X in T maps to an inlusion V (A) →֒ V (X) in Top,
then the diagram
V (A)
  //
 _

V (X)
i0

V (X)
i1 // V (X)× I/V (A)
lifts to T , i.e. the spae X × I/A represents a well-dened objet in T
and the inlusions i0, i1 : X → X × I/A are also well-dened in T .
Sine V is a faithful funtor, we will usually omit it from our notation. Thus we
think about T as a subategory of Top. For later use, here are three examples
of ategories T satisfying onditions i)iii):
Example 6.4 i) Fix a spae A. Let T be the subategory of Top onsisting
of spaes X ontaining A and maps X → X ′ restriting to the identity on
A. We all this T the ategory of spaes ontaining A.
ii) Fix a spae A. Let T be the ategory having as objets spaes X ontaining
A together with the struture of a relative CW-omplex on (X,A). The
morphisms of T are dened to the inlusion of subomplexes, i.e. maps
X →֒ X ′ where the image of X is a union of A and some of the ells of
(X ′, A). We all this T the ategory of CW-omplexes relative to A.
iii) Let T be the full subategory of ompat spaes. Condition ii) holds sine
any quotient of a ompat spae is ompat.
If F is a presheaf on T , we dene onordane as follows: let A →֒ X in T
be an inlusion in Top, and x some sA ∈ F(A). Let F [X,A; sA] denote the set
of all s in F(X) that restrit to sA on A modulo the relation that s0 ∼ s1 if
there exists an element s′ ∈ F(X × I/A) with i∗0s
′ = s0 and i
∗
1s
′ = s1. Let [s]
denote the lass of s in F [X,A; sA].
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Suppose that F is a presheaf on spaes and T is a ategory satisfying the
onditions above. We may restrit F to a presheaf on T . Observe that ondition
iii) ensures that onordane of F|T equals onordane on F , and we may write
F [X,A; sA] = F|T [X,A; sA]
for all inlusions A →֒ X and sA ∈ F(A) = F|T (A).
Denition 6.5 We say that a presheaf F on T is exisive if for all pushout
diagrams
A
  i //
f

X
g

B
  j // Y
in T where i is a losed obration on Top, and elements sB ∈ F(B) and
sX ∈ F(X) that restrit to the same element sA = f∗sB = i∗sX in F(A), there
exists a unique element sY of F(Y ) suh that g
∗sY = sX and j
∗sY = sB. We
say that F is strongly exisive if suh an element sY exists uniquely whenever i
is an inlusion. We all F weakly exisive if sY exists uniquely whenever (X,A)
is a relative CW-omplex.
Observe that ondition ii) on T ensures that restrition of an exisive presheaf
F on spaes to a presheaf F|T on T also is exisive.
A map between presheaves on T is a natural transformation ν : F → F ′.
Clearly ν indues a maps of relative onordane lasses ν[X,A;sA] : F [X,A; sA]→
F ′[X,A; ν(sA)]. A useful insight in the theory of onordane is that surjetiv-
ity often implies injetivity, ompare [21, Proposition 2.18℄. We prove a similar
result:
Proposition 6.6 Let F and F ′ be exisive presheaves on T . If ν indues a
surjetive map
ν[X,C;sC ] : F [X,C; sC ]→ F
′[X,C; ν(sC)].
for all losed obrations C →֒ X and sC in F(C), then all these ν[X,C;sC ] are
bijetions. If F and F ′ are strongly exisive and ν[X,C;sC ] are surjetive for all
inlusions C →֒ X, then all ν[X,C;sC ] are bijetions.
Proof: Let s0 and s1 be elements of F(X) whose restritions to C both equal
sC . Sine F is exisive there exists an element s0,1 in F(X ∐C X) that restrits
to s0 and s1 on the two opies of X in X∐CX . If ν(s0) and ν(s1) are onordant
relative to C there exists an element s′ ∈ F ′(X × I/C) with i∗0s
′ = ν(s0) and
i∗1s
′ = ν(s1). Observe that the uniqueness part of exision for F ′ implies that
s′|X∐CX = ν(s0,1). Sine the map
F [X × I/C,X ∐C X ; s0,1]
ν∗−→ F [X × I/C,X ∐C X ; ν(s0,1)]
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is surjetive, we may lift s′ to an element s¯ in F(X × I/C). This element s¯ is
a onordane between s0 and s1 relative to C.
If C →֒ X is a losed obration, then X ∐C X →֒ X × I/C is also a losed
obration. 
Let us now verify that the set of Z•-bundles satisfy strong exision:
Proposition 6.7 Let Y be the pushout of f : A→ B along an inlusion A ⊆ X.
Given Z•-bundles E over X and EB over B with f∗EB = E|A, there exists a
unique Z•-bundle E ′ over Y suh that E ′|B = EB and E ′ pulls bak to E over X.
Proof: We expliitly onstrut E ′. Let I and IB denote the indexing sets of
the ordered open overs U and UB assoiated to E and EB. Dene I ′ as the
union I ∪ IB , and extend the notation of Uα ∈ U and U
B
α ∈ UB so that Uα = ∅
for α 6∈ I and UBα = ∅ for α 6∈ IB. The equation f
−1(UBα ) = Uα ∩A is satised
for all α ∈ I ′. Hene, we may dene an ordered open over U ′ = {U ′α}α∈I′
of Y by delaring U ′α to be the image of Uα ∐ U
B
α under the quotient map
X ∐ B → Y . We see that the orresponding ordered eh omplex U ′• is the
pushout of UB• ← U•∩A →֒ U•, and we dene the simpliial map φ
Y : UY• → Z•
as the uniquely dened extension of the simpliial maps orresponding to EB
and E . 
Corollary 6.8 Let Y be the pushout of f : A→ B along an inlusion A ⊆ X.
Fix a Z•-bundle EB over B, and let EA be f∗EB. Pullbak of Z•-bundles indues
a bijetion
ConZ•(Y,B; EB)
∼=
−→ ConZ•(X,A; EA).
Proof: Keep A xed and let T be spaes ontaining A. There is a map
ν : F → F ′ of strongly exisive presheaves on T induing ConZ•(Y,B; EB) →
ConZ•(X,A; EA). Here F(X) and F
′(X) are the sets of Z•-bundles over X∐fB
and X respetively, and ν is pullbak. By Proposition 6.6 all ν∗ are bijetions if
ν indues a surjetion F [X,C; EC∐fB] → F
′[X,C; ν(EC∐fB)] for all inlusions
C ⊆ X in T and Z•-bundles EC∐fB over C ∐f B. This follows immediately
from Proposition 6.7. Taking C = A the onlusion follows. 
Lemma 6.9 Let A be a subspae of X, and x a Z•-bundle EA over A. Then
the inlusion i1 : X →֒ X × I/A indues a bijetion
i∗1 : ConZ•(X × I/A,A; EA)
∼=
−→ ConZ•(X,A; EA).
Proof: Keep A xed and let T be spaes ontaining A. Two strongly exisive
presheaves on T are dened by letting F(X) and F ′(X) be the sets of Z•-bundles
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over X × I/A and X respetively. Pullbak by the inlusion i1 : X →֒ X × I/A
indues a map of presheaves i∗1 : F → F
′
induing ConZ•(X × I/A,A; EA) →
ConZ•(X,A; EA). By Proposition 6.6 all i
∗
1 are bijetions if i
∗
1 indues a surje-
tion F [X,C; EC∐fB ] → F
′[X,C; ν(EC∐fB)] for all inlusions C ⊆ X in T and
Z•-bundles EC∐fB over C ∐f B. The projetion map π : X × I/A→ X indues
on onordane lasses a map π∗ suh that i∗1π
∗
is the identity. Consequently
i∗1 is surjetive. Taking C = A ompletes the proof. 
Corollary 6.10 ConZ•(X,A; EA) is a homotopy funtor of X relative to A.
Lemma 6.11 Let A →֒ B →֒ X be losed obrations. Given Z•-bundles E
over X and EB over B that are equal over A, and suh that the restrition
E|B is onordant to EB relative to A, then there exists a Z•-bundle E ′ over X
onordant to E relative to A suh that the restrition E ′|B equals EB.
Proof: Represent the onordane between E|B and EB by a Z•-bundle E ′′ over
B× I/A. Gluing E and E ′′ we get a Z•-bundle E¯ over (X ∐B B × I) /A. By the
homotopy extension lifting property, there exists a map j : X → (X ∐B B × I) /A
suh that in the following diagram
B
i1 //
 _

(X ∐B B × I) /A
retration

X
j
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X
the upper triangle ommutes and the lower diagram ommutes up to homotopy
relative to B. Let E ′ = j∗E¯ . Clearly E ′B = EB. Moreover, j is homotopi to the
inlusion iX : X →֒ (X ∐B B × I) /A relative to A. Hene,
[E ′] =
[
j∗E¯
]
=
[
i∗X E¯
]
= [E ]
in ConZ•(X,A; E|A). 
Corollary 6.12 The funtor ConZ• is half exat in the following sense: let
A →֒ B →֒ X be losed obrations, and x some Z•-bundle EB over B. Let
EA = EB|A. In the sequene
ConZ•(X,B; EB)→ ConZ•(X,A; EA)
restrition
−−−−−−−→ ConZ•(B,A; EA)
the image of the rst map is preisely the lasses in ConZ•(X,A; EA) that restrit
to [EB] in ConZ•(B,A; EA).
Proposition 6.13 For any relative CW-pair (X,A) and Z•-bundle EA over A,
the map
ConZ•(X,A; EA)
∼=
−→ lim
k
ConZ•(X
k, A; EA)
is a bijetion. Here Xk is the k-skeleton of X.
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Proof: Keep A xed and let T be CW-omplexes relative to A. There is
a map ν : F → F ′ of exisive presheaves on T induing ConZ•(X,A; EA) →
limk ConZ•(X
k, A; EA). Here F is the presheaf of Z•-bundles restrited to T ,
while F ′(X) is the set of sequenes (E0, E1, . . .) where Ek is a Z•-bundle over
the k-skeleton Xk suh that the restrition of Ek to Xk−1 is onordant to Ek−1
relative to A. The map ν is given by sending E ∈ F(X) to (E|X0 , E|X1 , . . .)
in F ′(X). By Proposition 6.6 all ν∗ are bijetions if ν indues a surjetion
F [X,C; EC ] → F ′[X,C; ν(EC)] for all inlusions C →֒ X in T and Z•-bundles
EC over C.
Fix C →֒ X and EC , and take a sequene (E0, E1, . . .) in F ′(X) that restrits
to ν(EC) in F ′(C). By denition of T , see Example 6.4, C →֒ X is the inlusion
of a subomplex. Hene Ck →֒ Xk−1 ∪ Ck →֒ Xk are losed obrations. By
indution we onstrut a sequene E ′k over X
k
suh that the restrition of E ′k to
Xk−1 is equal to E ′k−1, and E
′
k is onordant to Ek relative to C
k
. We start by
taking E ′0 = E0, and the indutive step uses Lemma 6.11 with EC |Ck over C
k
,
the union of E ′k−1 and EC |Ck over X
k−1 ∪ Ck and Ek over Xk. This onstruts
an honest Z•-bundle colimk E ′k over X mapping to the onordane lass repre-
sented by the original sequene (E0, E1, . . .), i.e. all ν∗ are surjetive. 
So far we have studied how ConZ•(X,A; EA) depend on the spae X . The
next step is to understand what happens when EA varies. To see this we now
dene a ategory as follows:
Denition 6.14 Dene CZ•(A) to be the ategory with objets all Z•-bundles
over A, and with morphisms from EA to E ′A being the set ConZ•(A × I, A ∐
A; EA ∐ E ′A). The soure and target of a morphism represented by E are given
as the restritions i∗0E and i
∗
1E respetively. Composition is dened by gluing.
Lemma 6.15 The ategory CZ•(A) is a groupoid.
Proof: We will show that a morphism represented by an arbitrary onordane
E has an inverse. Dene E−1 by pulling bak E over the ip A × I → A × I
sending (a, t) to (a, 1− t). The omposition of E with E−1 equals the pullbak of
E over the fold A×I → A×I sending (a, t) to (a, |2t−1|). A ontration θ from
the fold to the map (a, t) 7→ (a, 1) is given by θ(a, s, t) = (a, (1− s) + s|2t− 1|).
The pullbak θ∗E is a onordane relative to A∐A from the identity on i∗1E to
the omposition of E and E−1. 
Proposition 6.16 For losed obrations A →֒ X the expression ConZ•(X,A;−)
denes a funtor from CZ•(A) to the ategory of sets.
Proof: By the homotopy extension lifting property there exists a map j : X →
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X∐A×{0}A×I suh that j(a) = (a, 1) for every a ∈ A ⊆ X and the omposition
X
j
−→ X ∐A×{0} A× I → X
is homotopi to the identity on X relative to A.
Given a Z•-bundle E representing a morphism from EA to E ′A in CZ•(A) and
a Z•-bundle E
′
representing a lass of ConZ•(X,A; EA) we an glue them to-
gether and produe a Z•-bundle E¯ over X ∐A×{0} A× I. The funtor is dened
by delaring [j∗E¯ ] in ConZ•(X,A; E
′
A) to represent the image of [E
′] under the
map indued by the morphism [E ]. 
Let [E ] be a morphism from EA to E ′A in CZ•(A). It follows from Lemma 6.15
that E indues a bijetion
[E ]∗ : ConZ•(X,A; EA)→ ConZ•(X,A; E
′
A).
An open over U is nite and totally ordered if its indexing set I is nite and
totally ordered. We all a Z•-bundle nite if its assoiated open over is nite
and totally ordered. The nite Z•-bundles form a strongly exisive presheaf F
f
Z•
on spaes. Consequently there is a notion of nite onordane, and we denote
by
ConfZ•(X) and Con
f
Z•
(X,A; EA)
the lasses of nite Z•-bundles over X modulo nite onordane and nite Z•-
bundles over X equal to EA over a subset A modulo nite onordane relative
to A respetively. Over ompat spaes there is no dierene between Con and
Conf :
Lemma 6.17 Let A be a ompat subset of a ompat spae X. Then the
natural map ConfZ•(X,A; EA) → ConZ•(X,A; EA) is a bijetion for all nite
Z•-bundles EA over A.
Proof: Let T be the full subategory of ompat spae. Inlusion of -
nite Z•-bundles into all Z•-bundles gives a map of strongly exisive presheaves
ν : FfZ• → FZ• on T . By Proposition 6.6 it is suient to show that the map
ConfZ•(X,A; EA) → ConZ•(X,A; EA) is surjetive for all inlusions A →֒ X in
T and all nite EA over A.
Let E be a Z•-bundle over X equal to EA on A. By ompatness of X , the
ordered open over U assoiated to E has a nite subover Uf . Without loss
of generality we may assume that the restrition of Uf to A equals the over
assoiated to EA. Choose a total ordering on Uf that extends the partial order-
ing. Let Ef be the restrition of E to the smaller overing Uf . Observe that the
nite Z•-bundle Ef is onordant to E relative to A. 
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Proposition 6.18 Let q : Z• →W• be a map of simpliial spaes. If
ConfZ•(D
n, Sn−1; ESn−1)→ Con
f
W•
(Dn, Sn−1; q∗ESn−1)
is surjetive for all n ≥ 0 and nite Z•-bundles ESn−1 over S
n−1
, then
ConZ•(X,A; EA)→ ConW•(X,A; q∗EA)
is a bijetion for all pairs (X,A) of the homotopy type of a CW-pair and all
Z•-bundles EA over A.
Proof: By homotopy invariane, Corollary 6.10, it is suient to onsider rel-
ative CW-omplexes (X,A). Fix A and let T be the ategory of CW-omplexes
relative to A. The simpliial map q gives a map q∗ : FZ• → FW• of strongly
exisive presheaves on T induing ConZ•(X,A; EA) → ConW•(X,A; q∗EA). By
Proposition 6.6 this map of onordane lasses is a bijetion if FZ• [X,C; EC ]→
FW• [X,C; q∗EC ] is surjetive for all subomplex inlusions C ⊆ X and Z•-
bundles EC over C.
By Proposition 6.13 we an represent an element E ′ of ConW•(X,C; q∗EC)
as a sequene (E ′0, E
′
1, . . .) where E
′
k is aW•-bundle overX
k
, suh that E ′k|Xk−1 is
onordant to E ′k−1 relative to C
k−1
and E ′k|Ck = (q∗EC)|Ck . By indution on k
we will onstrut a sequene (E0, E1, . . .) where Ek is a Z•-bundle over Xk, suh
that Ek|Xk−1 = Ek−1, Ek|Ck = EC |Ck , and q∗Ek is onordant to E
′
k relative to
Ck. This new sequene will represent an element E of ConZ•(X,C; EC) mapping
to the lass [E ′] under q∗.
We start the indution at the (−1)-skeleton, i.e. X−1 = C−1 = A, E−1 = EA,
and E ′−1 = q∗EA. By the indution hypothesis there is a onordane between
E ′k|Xk−1∪Ck and q∗(Ek−1 ∪EC |Ck) relative to C
k
. By Lemma 6.11 we an nd a
W•-bundle E˜ ′k over X
k
onordant to E ′k relative to C
k
suh that E˜ ′k|Xk−1∪Ck =
q∗(Ek−1 ∪ EC |Ck). We laim that
q∗ : ConZ•(X
k, Xk−1∪Ck; Ek−1∪EC |Ck)→ ConW•(X
k, Xk−1∪Ck; q∗(Ek−1∪EC |Ck))
is surjetive. If the laim holds, then hoose Ek to be any Z•-bundle over Xk
equal to Ek−1 ∪ EC |Ck on X
k−1 ∪ Ck suh that q∗[Ek] = [E˜ ′k]. This ompletes
the indutive step.
To prove the laim observe that Xk an be onstruted from Xk−1 ∪Ck by
attahing k-ells. By Corollary 6.8 and the fat that Con turns a disjoint union
of spaes into a produt, it is suient to prove that
ConZ•(D
k, Sk−1; ESk−1)→ ConW•(D
k, Sk−1; q∗ESk−1)
is surjetive for all k and Z•-bundles ESk−1 over S
k−1
. By Lemma 6.17 ESk−1
is onordant to a nite Z•-bundle. By Proposition 6.16 nothing is lost by
assuming that ESk−1 atually is nite. Applying Lemma 6.17 we see that the
laim holds if
ConfZ•(D
k, Sk−1; ESk−1)→ Con
f
W•
(Dk, Sk−1; q∗ESk−1)
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is surjetive, whih is preisely the hypothesis of the proposition we are proving.

We now simplify by notiing that any ordered eh omplex U• has free
degeneraies, see [9, Denition A.4℄. This means that U• is the image of a pres-
impliial spae N• under the left adjoint to the forgetful funtor from simpliial
spaes to presimpliial spaes. It is easy to see what N• must be; we dene the
k-simplies by
Nk =
∐
α0<···<αk
Uα0···αk ,
and we allN• the non-degenerate part of U•. Dene L
kN• to be subspae ofNk
onsisting of points in the image of some fae map di, i.e. L
kN• =
⋃
i di(Nk+1)
Beause of the proposition above we are lead to study simpliial maps whose
domains are ordered eh omplexes of nite and totally ordered overs U . Let
us make the neessary preparations for the onstrution of maps N• → Z• by
downward indution on simpliial degree:
Lemma 6.19 Let N• be the non-degenerate part of the ordered eh omplex
orresponding to a nite and totally ordered open overing. The following prop-
erties are satised:
i) There exists an integer K so that Nk = ∅ for k > K.
ii) If di(x) = dj(y) ∈ Nk, i < j there is a z ∈ Nk+2 suh that y = di(z) and
x = dj+1(z).
iii) The obvious map ∐
0≤i≤k+1
Nk+1
‘
di
−−−→ LkN•
is a quotient map.
Proof: LetK be the number of elements in the over. The next two statements
are general properties of the non-degenerate part of an ordered eh omplex.
Addressing the last statement, we onsider a subset V of Nk suh that all
d−1i (V ) are open in Nk+1. We have to show that V ∩ L
kN• is open. We
an assume that V is a subset of some Uα0···αk . Notie that all V ∩ Uβ are
open for β 6= αi. The result follows sine V ∩ L
kN• equals the nite union⋃
β 6=αi
(V ∩ Uβ). 
Remark 6.20 In the Reedy formalism, see [16, Chapter 15℄, one onsiders
the ategory of diagrams, X, indexed by a Reedy ategory C. Eah objet in
C has a degree, and the usual way of onstruting a map f : X → Y between
diagrams is by inreasing indution on the degree. Assoiated to a diagram
X and an index α ∈ C there are the so alled lathing and mathing objets,
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LαX→ Xα →MαX. If f is already dened in degrees below α, this xes maps
of lathing and mathing objets, and an extension of f to Xα must respet this.
In our ase the presimpliial indexing ategory learly is a Reedy ategory.
However, the union LkN• ⊆ Nk is neither a lathing nor a mathing objet.
This is not so strange; we are preparing for downward indution on degree, and
LkN• plays the role analogous of a lathing objet. The analogy for the mathing
objet is the terminal spae.
The following lemma plays the role of a homotopy extension property for
the inlusion LkN• →֒ Nk. In a vague sense this is dual to Segal's denition of
a good simpliial spae, [26℄.
Lemma 6.21 Let N• be the non-degenerate part of the ordered eh omplex
orresponding to a nite and totally ordered open overing U of a normal spae X
and let Z be a topologial spae. Given g : Nk → Z and G : LkN•× I → Z with
g(x) = G(x, 0) for all x in LkN•, there exists a shrinking Uǫ of U , induing an
inlusion N ǫ• →֒ N•, and a homotopy G
ǫ : N ǫk×I → Z suh that g(x) = G
ǫ(x, 0)
for all x ∈ N ǫk and G(x, t) = G
ǫ(x, t) for all x ∈ LkN ǫ• and t ∈ I. Moreover,
if t 7→ G(x, t) is onstant for some x ∈ N ǫk ∩ L
kN•, then t 7→ Gǫ(x, t) is also
onstant.
Proof: Let K be the number of elements in the over. Choose a partition of
unity {ψα} subordinate to U . For ǫ > 0 dene Uǫ be the family of open sets
{ψ−1α (ǫ, 1]}. If ǫ is small, ǫ <
1
K
, then Uǫ is also a over. Let ψ : Nk → I be the
map given on eah intersetion Uα0···αk as the sum
∑
β 6=αi
ψβ. Notie that the
support of ψ is ontained in LkN•, and that ψ
−1 (ǫ, 1] equals LkN ǫ•.
Dene a homotopy Gˆǫ : Nk × I → Z by the formula:
Gˆǫ(x, t) =


g(x) if x 6∈ LkN•,
G(x, t) if x ∈ LkN• and ψ(x) ≥ ǫ, and
G(x, ψ(x)
ǫ
t) if x ∈ LkN• and ψ(x) ≤ ǫ.
Let Gǫ be the restrition of Gˆǫ to N ǫk × I. 
By shrinking the over we also get a lifting property up to homotopy:
Proposition 6.22 Let h : U• → W• and q : Z• → W• be maps of simpliial
spaes. Suppose that eah qk : Zk →Wk is the inlusion of a strong deformation
retrat, and that U• is the eh omplex of a nite and totally ordered open over
U of a normal spae X. There exist a shrinking Uǫ of U , induing an inlusion
i : U ǫ• →֒ U•, together with simpliial maps g : U
ǫ
• → Z• and F : U
ǫ
• × I → W•
suh that
Fk(x, 0) = hk(ik(x)) and Fk(x, 1) = qk(gk(x))
for all k and x ∈ U ǫk. Moreover, if hk(x) is ontained in the image of qk, then
t 7→ Fk(x, t) is onstant.
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Proof: It is enough to onsider the non-degerenate part N• of U•. We on-
strut g and F by downward indution on n. Assume that there exists shrinking
Uǫ of U , induing i : N ǫ• → N• on the non-degenerate part of the ordered eh
omplexes, and a presimpliial map
Fn : N ǫ• × I →W•
suh that Fnk (x, 0) = hk(ik(x)) and F
n
k (x, 1) ∈ qk(Zk) for all k > n and x ∈
N ǫk. To omplete the indutive step and dene F
n−1
, it sues to onstrut a
shrinking Uǫ
′
of Uǫ and a presimpliial map G : N ǫ
′
• ×I →W• with the following
properties:
Gk(x, 0) = F
n
k (x, 1) for all k and x ∈ N
ǫ′
k ,
Gk(x, t) = F
n
k (x, 1) if k > n, x ∈ N
ǫ′
k , and t ∈ I, and
Gn(x, 1) ∈ qn(Zn) ⊂Wn for all x ∈ N ǫ
′
k .
Then we obtain Fn−1 by omposing the homotopy Fn with the homotopy G.
We onstrut G by downward indution on k. For k > n, the onditions
already dene Gk. We start the indution at k = n and take Uǫ
′
= Uǫ. Let
H : Wn × I → Wn be the deformation retration into qn(Zn), and dene Gn
by the formula Gn(x, t) = H(F
n
n (x, 1), t). Observe that the image of Gn+1 is
ontained in qn+1(Zn+1), whene the denition of Gn ensures ommutativity of
the diagram
N ǫ
′
n+1 × I
di //
Gn+1

N ǫ
′
n × I
Gn

qn+1(Zn+1)
⊆ // Wn+1
di // Wn.
Thus G satises the presimpliial relations in simpliial degrees k ≥ n. It
remains to dened Gk for k < n.
For eah step in the indutive onstrution of G we will shrink the over Uǫ
′
to a smaller over Uǫ
′′
. So we impliitly restrit the domains of the Gk's already
onstruted. Assuming that Gk+1 : N
ǫ′
k+1× I →Wk+1 already has been dened
we proeed to dene Gk.
Beause of Lemma 6.19.ii), there is a well dened set map G˜k : L
kN ǫ
′
• × I →Wk
suh that the following diagram ommutes
N ǫ
′
k+1 × I
di //
Gk+1

LkN ǫ
′
• × I
G˜k

Wk+1
di // Wk
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for all di. Aording to Lemma 6.19.iii), G˜k is ontinuous. By Lemma 6.21,
we an nd a shrinking Uǫ
′′
of the over Uǫ
′
, induing an inlusion N ǫ
′′
• ⊆ N
ǫ′
• ,
together with a map Gk : N
ǫ′′
k × I → Wk suh that Gk(x, 0) = F
n
k (x, 1) for
x ∈ N ǫ
′′
k , and Gk(x, t) = G˜k(x, t) for x ∈ L
kN ǫ
′′
• and t ∈ I.
This ompletes the indutive step, and the proof of everything exept the
last part. However, traing the proof it is easily seen that all homotopies x
points x ∈ N ǫ having hk(x) ∈ qk(Zk). 
Corollary 6.23 Let X be a spae and A a subspae suh that (X,A) has the
homotopy type of a CW pair. Let q : Z• →֒ W• be a simpliial map whih in
eah simpliial degree is the inlusion of a strong deformation retrat. Let EA
be any Z•-bundle over A. Then
ConZ•(X,A; EA)→ ConW•(X,A; q∗EA)
is a bijetion.
Proof: Aording to Proposition 6.18 it is suient to show that the indued
map
q∗ : Con
f
Z•
(Dn, Sn−1; ESn−1)→ Con
f
W•
(Dn, Sn−1; q∗ESn−1)
is surjetive when xing an arbitrary integer n and a nite Z•-bundle ESn−1 over
the boundary sphere. Let E ′ be a nite W•-bundle over Dn whose restrition
to Sn−1 equals q∗ESn−1 . Let U denote the orresponding nite and totally
ordered open over, and let h : U• → W• be the simpliial map assoiated to
E ′. Applying Proposition 6.22 we get a shrinking Uǫ of U , an indued inulsion
of ordered eh omplexes U ǫ• →֒ U•, a simpliial map g : U
ǫ
• → Z•, and a
homotopy F : U ǫ• × I →W• between the restrition of h to U
ǫ
• and qg.
The shrinking Uǫ of U gives us a family of inlusions {U ǫα →֒ Uα}. For eah
α dene U ′′α to be the open subset U
ǫ
α × I ∪Uα ×
[
0, 12
)
of Dn × I. Together all
the U ′′α onstitute a over U
′′
of Dn × I. Let φ′′ : U ′′• → W• be the simpliial
map given in simpliial degree k as
φ′′(x, t) =
{
h(x) for x ∈ Uk and 0 ≤ t <
1
2 , and
F (x, 2t− 1) for x ∈ U ǫk and
1
2 ≤ t ≤ 1.
This simpliial map expliitly denes a W•-bundle E
′′
over Dn × I. The re-
strition of E ′′ to Dn × {0} lifts to a Z•-bundle E represented by the simpliial
map g : U ǫ• → Z•. Moreover, the restrition of E
′′
to Sn−1 × I lifts to a on-
ordane between the restrition E|Sn−1 and our xed Z•-bundle ESn−1 . Denote
this onordane by ESn−1×I .
Now onsider the diagram
ConfZ•(D
n, Sn−1; E|Sn−1)
[E
Sn−1×I ]∗

// ConfW•(D
n, Sn−1; q∗E|Sn−1)
[q∗ESn−1×I ]∗

ConfZ•(D
n, Sn−1; ESn−1)
q∗ // ConfW•(D
n, Sn−1; q∗ESn−1).
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The vertial maps, see Proposition 6.16, orresponds to gluing the onor-
danes ESn−1×I and q∗ESn−1×I along the boundary sphere. They are bijetions
by Lemma 6.15. We started by piking a W•-bundle E ′ representing an ele-
ment from the lower right orner. The Z•-bundle E represents an element in
ConfZ•(D
n, Sn−1; E|Sn−1), and E
′′
produes a onordane between the image of
q∗[ESn−1×I ]∗E and E
′
. Hene q∗ is surjetive. 
We say that two simpliial maps p, q : Z• →W• are topologially homotopi
if there exists a simpliial map F : Z• × I → W• with Fk(x, 0) = pk(x) and
Fk(x, 1) = qk(x) for eah k and all x ∈ Zk.
Proposition 6.24 Let A →֒ X be a losed obration, and suppose that p, q : Z• →
W• are topologially homotopi. Given any Z•-bundle EA over A there exists
a W•-bundle E
′
A×I over A × I, restriting to p∗EA and q∗EA on A × {0} and
A× {1} respetively, making the following triangle ommute
ConZ•(X,A; EA)
p∗
uukkkk
kkk
kkk
kkk
k
q∗
))SSS
SSS
SSS
SSS
SSS
ConW•(X,A; p∗EA)
[E′A×I ]∗ // ConW•(X,A; q∗EA).
Proof: Let F : Z• × I →W• denote a homotopy between p and q.
Given an ordered open over U of X we dene a over U ′ of X× I onsisting
of the open sets U ′α = Uα × I where Uα ∈ U . The orresponding ordered eh
omplexes satisfy U ′• = U• × I.
Let E be a Z•-bundle over X equal to EA on A, and onsider the assoiated
simpliial map φ : U• → Z•. Subordinate to the over U ′ we dene aW•-bundle
E ′ over X × I having as its simpliial map the omposition
U ′• = U• × I
φ×id
−−−→ Z• × I
F
−→ W•.
The restrition of E ′ to A× I denes the onordane E ′A×I between p∗EA and
q∗EA. Moreover, E ′ yields a onordane between [E ′A×I ]∗p∗E and q∗E . 
Theorem 6.25 Let A →֒ X be a losed obration suh that (X,A) has the
homotopy type of a CW pair. Let f : Z• → W• be a simpliial map suh that
eah fk is a homotopy equivalene. Let EA be any Z•-bundle over A. Then f
indues a bijetion
f∗ : ConZ•(X,A; EA)→ ConW•(X,A; f∗EA).
Proof: Let M• be the degreewise mapping ylinder of f . There are inlu-
sions of degreewise strong deformation retrats i : Z• →֒M• and j : W• →֒M•.
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Moreover, the map jf is topologially homotopi to i. Aording to Propo-
sition 6.24 there exists a onordane E ′A×I of M•-bundles between i∗EA and
j∗f∗EA making the following diagram ommute
ConZ•(X,A; EA)
i∗

f∗ // ConW•(X,A; f∗EA)
j∗

ConM•(X,A; i∗EA)
[E′A×I ]∗// ConM•(X,A; j∗f∗EA).
The vertial maps are bijetions by Corollary 6.23. The bottom map is a bije-
tion by Lemma 6.15. 
In our next line of arguments we will show that lling a horn in Z• does not
aet the onordane lasses of Z•-bundles.
A shrinking U ′ of U indues an inlusion of ordered eh omplexes i : U ′• →֒
U•. Given a simpliial map U•
φ
−→ Z•, we dene the over-restrition of φ to U ′
the omposition U ′•
i
−→ U•
φ
−→ Z•. Similarly, if E is the Z•-bundle assoiated to
φ, then we denote the Z•-bundle assoiated to φi by i
∗E , and all it a over-
restrition of E .
Proposition 6.26 Let h : Λn,k• → Z• be a k-horn of dimension n in a simpliial
spae Z•, and dene q : Z• →֒ W• by lling this horn, i.e. W• is the pushout of
∆n• ←֓ Λ
n,k
•
h
−→ Z•. Let φ : U• →W• be a simpliial map from the ordered eh
omplex assoiated to a nite and totally ordered open over U of a normal spae
X. Then there exists a zigzag hain of nite and totally ordered open overs
U = U0 ⊆ U
′
1 ⊇ U1 ⊆ U
′
2 ⊇ . . . ⊆ U
′
s−1 ⊇ Us−1 ⊆ U
′
s ⊇ Us
together with simpliial maps φi and φ
′
i from the various ordered eh omplexes
into W• suh that eah φi is equal to the over-restrition of both φ
′
i−1 and φ
′
i,
and the last simpliial map φs lifts through q : Z• → W•. Moreover, if A is a
subset of X suh that φ restrited to U ∩ A already lifts to Z•, then we may
assume that the restrition to A of all φ′i and φi also lifts to Z•.
At the enter of this long and ompliated proof there is an unpolished gem;
the emptying of the horn by modiations of the over.
Proof: It is enough to onsider presimpliial maps from the non-degenerate
part of the various ordered eh omplexes.
Our fous will be to move φ : N• →W• away from the kth fae of the lled
horn. Reall that the r-simplies of ∆n• orrespond to order-preserving maps
θ : [r] → [n]. Denote by wθ the r-simplex in Wr orresponding to θ under the
simpliial map ∆n• → W•. Let Θ be the set of all θ that fators as a surjetive
map [r]։ [n−1] followed by the ofae map δk : [n−1]→ [n] that omits k. Here
we allow r to vary. Choose a total ordering on Θ suh that θ1 < θ2 whenever
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the domain of θ1 ontains fewer elements than the domain of θ2. Eah θ ∈ Θ
orresponds to a degenerate simplex above the kth fae of ∆n• . Furthermore,
for all θ ∈ Θ the simplex wθ is an isolated point of Wr.
The over U has a nite and totally ordered indexing set I. An order-
preserving injetion ρ : [r] →֒ I determines a subset Uρ = Uρ(0) ∩ · · · ∩ Uρ(r).
Moreover, Uρ is a summand of Nr. If the presimpliial map φ : N• → W• does
not fator through q : Z• →֒ W•, then some degenerate simplex above the kth
fae of ∆n• lies in the image of φ. From now on reserve θ as a symbol for the
maximal element of Θ suh that wθ is ontained in φr(Nr) for some r.
Dene the θ-valene of a presimpliial map φ : N• → W• to be the number
of order-preserving injetions ρ : [r] →֒ I suh that φr(Uρ) ontains wθ. We will
soon onstrut a nite and totally ordered over U ′ ontaining U as a subover
together with an extension φ′ : N ′• →W• of φ suh that there exists a shrinking
Uǫ of U ′ where the over-restrition φǫ : N ǫ• → W• of φ
′
has smaller θ-valene
than φ. Repeating this onstrution we will eventually reah a presimpliial
map of θ-valene zero, i.e. the point wθ is no longer in its image. By downward
indution on θ ∈ Θ the forthoming onstrution will establish the lemma.
For suh a maximal θ hoose any ρ with wθ ∈ φr(Uρ). Let j be the largest
integer suh that θ(j − 1) < k. Dene the indexing set I ′ by inserting into I
a new index β as the suessor of ρ(j − 1), i.e. we have I ′ = I ∪ {β}. Sine
wθ is an isolated point of Wr the subset of Uρ mapping to θ is both losed and
open, and we dene Uβ = Uρ ∩ φ−1(wθ). Now view Uβ as a subspae of X , and
onsider the restrition of the presimpliial map φ to Uβ. We laim that there
is a fatorization of φ|Uβ as a presimpliial map N• ∩Uβ → ∆
n
• followed by the
simpliial map ∆n• →W•.
Let us verify this laim. Given an order-preserving injetion τ : [t] →֒ I let
tˆ be the smallest integer suh that there exists order-preserving injetions τˆ , µ,
and ν making the diagram
[t]
oO
ν
  
  
  
  
 n
τ
=
==
==
==
=
[tˆ]
  τˆ // I
[r]
O/
µ
__>>>>>>> 0
ρ
@@
ommute. Observe that τˆ , µ, and ν are unique. Informally, τˆ is the union of τ
and ρ.
By the onstrutions above φr maps any x in Uρ ∩Uβ to wθ in Wr. Suppose
that Uτˆ meets Uβ and take some x in Uτˆ ∩ Uβ. Observe that φtˆ(x) ∈ Wtˆ is
sent to wθ by the fae operator µ
∗
orresponding to µ : [r]→ [tˆ]. Inspeting the
denition of W• we see that all simplies mapping to wθ by some fae operator
lies in the image of ∆n• → W•. Hene φtˆ(x) = wθˆ for some θˆ : [tˆ] → [n]. The
equation θ = θˆµ is satised, and for any i ∈ [tˆ] outside the image of µ we must
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have θˆ(i) = k. Otherwise we get a ontradition, i.e. some θ2 > θ in Θ would be
in the image of φ. Thus θˆ is uniquely determined. At last we see that φt maps
any x ∈ Uτ ∩ Uβ to wθˆν in Wt. This ompletes the veriation of the laim.
Now dene the over U ′ as the union U ∩ {Uβ}. Any extension φ′ : N ′• →
W• is ompletely determined by the restritions of φ
′
t+1 to Uτ ′ for the order-
preserving injetions τ ′ : [t+1] →֒ I ′ ontaining β in their image. For any suh
τ ′ dene τ and δl by the pullbak diagram
[t]
  δl //
 _
τ

[t+ 1] _
τ ′

I
  // I ′.
Applying the notation introdued above, we dene θ′ : [t+1]→ [n] by θ′(l) = k
and θ′δl = θˆν. For x in Uτ ′ = Uτ ∩ Uβ dene φ
′
t+1 by the formula
φ′t+1(x) = wθ′ .
Sine dlφ
′
t+1(x) = wθ′δl = wθˆν = φt(x) it follows that φ
′
satises the presimpli-
ial identities. Furthermore, φ and φ′ have the same θ-valene sine wθ is not
ontained in any φ′t+1(Uτ ′). What remains to be proved is that we an nd a
shrinking Uǫ of U ′ suh that the over-restrition φǫ of φ′ has θ-valene smaller
than the θ-valene of φ and φ′.
Sine U is a nite open over of a normal spae, we an hoose a partition of
unity {ψα} subordinate to the over U . Let C be the losure of Uβ in X . Dene
B to be the set of all points x ∈ X r Uβ with ψρ(i)(x) =
1
r+1 for i = 0, . . . , r.
Beause Uρ r Uβ is an open neighborhood of B in X , we see that B and C
are disjoint losed subsets in X . By the Tietze extension theorem there exists
a ontinuous funtion ǫ : X →
[
0, 1
r+1
]
suh that ǫ(x) = 0 for all x ∈ C and
ǫ(x) = 1
r+1 for all x in B. Informally, we think about the points x with all
ψρ(i)(x) =
1
r+1 as the bad guys. The role of ǫ is to separate the bad points
inside Uβ from those outside.
We will now dene a shrinking Uǫ of U ′ by shrinking the Uρ(i) while leaving
the other open sets unhanged. Dene U ǫρ(i) to be the set of all points x ∈ Uρ(i)
satisfying the inequality
r · ψρ(i)(x) + ǫ(x) > ψρ(0)(x) + · · ·+ ψρ(i−1)(x) + ψρ(i+1)(x) + · · ·+ ψρ(r)(x).
Expliitly, the over Uǫ is given as the union {U ǫρ(i)}
r
i=0 ∪ {Uα}α6=ρ(i),β ∪ {Uβ}.
Let us verify that Uǫ really is a over of X . Take an arbitrary point x in X .
i) If
∑r
i=0 ψρ(i)(x) < 1, then x ∈ Uα for some α ∈ I outside the image of ρ.
ii) If ψρ(j)(x) >
1
r+1 for some j, then
(r + 1) · ψρ(j)(x) > 1 ≥
r∑
i=0
ψρ(i)(x).
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Consequently, x lies in U ǫ
ρ(j).
iii) If x ∈ B, then ψρ(i)(x) =
1
r+1 for i = 0, . . . , r and ǫ(x) =
1
r+1 . Hene,
r · ψρ(0)(x) + ǫ(x) = 1 >
r
r + 1
=
r∑
i=1
ψρ(i)(x).
So, x lies in U ǫ
ρ(0).
iv) Otherwise, all ψρ(i)(x) =
1
r+1 and x 6∈ B, whene x ∈ Uβ.
This shows that Uǫ indeed is a over of X .
Dene φǫ : N ǫ• → W• to be the over-restrition of φ
′
over Uǫ ⊆ U ′. We laim
that the θ-valene of φǫ is less than the θ-valene of φ′. More preisely, wθ is
ontained in φ′(U ′ρ), but not in φ
ǫ(U ǫρ). To see this, assume for a ontradition
that φǫ(x) = wθ for some x ∈ U ǫρ. By denition of Uβ, we see that suh x must
be ontained in Uβ , and onsequently ǫ(x) = 0. Moreover x satises eah of the
inequalities dening U ǫρ(i) for i = 0, . . . , r. Adding all these inequalities we get
r∑
j=0
(r · ψρ(j)(x)) + r · ǫ(x) >
r∑
j=0
∑
i6=j
ψρ(i)(x),
whih ontradits ǫ(x) = 0.
Addressing the last statement of the lemma, we onsider a subset A ⊆ X
suh that the restrition of φ to N• ∩A already lifts through q : Z• →֒W•. Let
θ, ρ, and Uβ be dened as above. Notie that A∩Uβ must be empty, otherwise
wθ would be in the image of φ|A. Consequently, the restrition of U
′ = U ∪{Uβ}
to A equals U ∩ A, and similarly φ|A = φ′|A. It follows that φ′|A lifts through
Z•. Sine φ
ǫ|A is a over-restrition of φ′|A, also the restrition of φǫ to A lifts
through Z•, and we are done. 
Corollary 6.27 Let X be a spae and A a subspae suh that (X,A) has the
homotopy type of a CW pair. Let h : Λn,k• → Z• be a horn in a simpliial spae
Z•, and dene q : Z• →֒ W• by lling this horn, i.e. let W• be the pushout of
∆n• ←֓ Λ
n,k
•
h
−→ Z•. Let EA be any Z•-bundle over A. Then
ConZ•(X,A; EA)→ ConW•(X,A; q∗EA)
is a bijetion.
Proof: By Proposition 6.18 it is enough to show that q indues surjetions
q∗ : Con
f
Z•
(Dm, Sm−1; ESm−1)→ Con
f
W•
(Dm, Sm−1; q∗ESm−1)
for arbitrary integers m and nite Z•-bundles ESm−1 over the boundary sphere.
Let E0 be a niteW•-bundle overDm whose restrition to Sm−1 equals q∗ESm−1 .
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Let U0 denote the orresponding nite and totally ordered open over, and let
φ0 : U
0
• →W• be the simpliial map assoiated to E0. By Proposition 6.26 there
exists a zigzag hain of nite and totally ordered open overs
U0 ⊆ U
′
1 ⊇ U1 ⊆ U
′
2 ⊇ . . . ⊆ U
′
s−1 ⊇ Us−1 ⊆ U
′
s ⊇ Us
together with simpliial maps φi and φ
′
i from the various ordered eh omplexes
into W• suh that eah φi is equal to the over-restrition of both φ
′
i−1 and
φ′i, and the last simpliial map φs lifts through q : Z• → W•. Moreover, the
restrition to A of eah φ′i and φi lifts to Z•.
We will now build a onordane EDm×I between W•-bundles suh that
i∗0EDm×I = E0 while the restritions of EDm×I to D
m × {1} and Sm−1 × I lifts
to Z•-bundles. Let I ′i be the indexing set of U
′
i . The elements of Ui and U
′
i
will be denoted by Ui,α and U
′
i,α respetively, and we extend the notation by
letting Ui,α = ∅ and U ′i,α = ∅ whenever the index α lies outside the respetive
indexing sets. Now dene a over U of X × I indexed by the union I =
⋃s
i=1 I
′
i
by dening the open set Uα to be the union(
s⋃
i=0
Ui,α ×
{
i
s
})
∪
(
s⋃
i=1
U ′i,α ×
(
i− 1
s
,
i
s
))
.
We dene a simpliial map φ from the ordered eh omplex of U into W• by
dening eah restrition φ|
X×{ is}
to be equal to φi whereas eah restrition
φ|X×{t} is dened equal to φ
′
i for all t between
i−1
s
and
i
s
. Let EDm×I be the
W•-bundle orresponding to φ : U• →W•.
Reall that Dm × I/Sm−1 denotes the quotient spae of Dm × I where we
have identied (x, t0) with (x, t1) for x ∈ Sm−1 and any two t0, t1 ∈ I. Let
H : Dm × I/Sm−1 → Dm × I be a map with H(x, 1) ∈ Sm−1 × I ∪Dm × {1}
and H(x, 0) = (x, 0) for all x ∈ Dm. Then H∗EDm×I gives a onordane rela-
tive to q∗ESm−1 between the W•-bundle E0 and another W•-bundle E
′
suh that
E ′ = q∗E for some Z•-bundle E with E|Sm−1 = ESm−1 . Thus we have shown that
the map ConfZ•(D
m, Sm−1; ESm−1)→ Con
f
W•
(Dm, Sm−1; q∗ESm−1) is surjetive.

We will now show how Quillen's small objet argument, see for example [11,
Proposition 7.17℄, an be use to replae an arbitrary simpliial spae Z• with
a simpliial spae Z˜• satisfying the topologial Kan ondition, Denition 4.1.
First observe that Z˜• satises the topologial Kan ondition if and only if all
horn lling problems of the forms
Λn,k•  _

// Z˜•
∆n•
== and D
l × I × Λn,k• ∪Dl × {0} ×∆n• _

// Z˜•
Dl × I ×∆n•
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an be solved. Therefore we dene J as to be the union of the sets of simpliial
maps
{Λn,k• →֒ ∆
n
•} ∪ {D
l × I × Λn,k• ∪D
l × {0} ×∆n• →֒ D
l × I ×∆n•}
where the integers k, l and n vary freely.
A relative J-ell omplex is a map q : Z• → W• that an be onstruted as a
transnite omposition of pushouts of elements of J , see [16, Denition 10.5.8℄.
A presentation of a relative J-ell omplex q : Z• → W• is a partiular hoie
of how to onstrut W• from Z•, see [16, Setion 10.6℄. Moreover, a subomplex
of a presented relative J-ell omplex q : Z• →W• is a presented relative J-ell
omplex q′ : Z• → W ′• together with a map W
′
• → W• sending eah J-ell of
W ′• to a J-ell of W•. A relative J-ell omplex is nite if it an be onstruted
by attahing only nitely many J-ells, i.e. if the transnite omposition is
atually nite.
Lemma 6.28 Let C• be a presimpliial spae suh that eah Ck is ompat and
there exists an integer K suh that Ck = ∅ for all k > K. Let q : Z• → W• be
a relative J-ell omplex. Then for any presimpliial map f : C• → W• there
is a nite subomplex q′ : Z• → W ′• suh that f fators as a presimpliial map
f ′ : C• →W ′• followed by the subomplex inlusion W
′
• →W•.
Proof: Fix a presentation of q : Z• → W•, and observe that eah qk : Zk →Wk
is a relative ell omplex of topologial spaes. By [16, Proposition 10.8.7℄
it follows that fk : Ck → Wk intersets only interiors of nitely many ells.
Using that Ck is non-empty in only nitely many simpliial degrees, we see
that the image of f intersets only interiors of nitely many J-ells of the given
presentation of Z• →W•.
To nish the proof it is enough to show that eah J-ell ofW• is ontained in
a nite subomplex. The argument uses a transnite indution over the given
presentation of the relative J-ell omplex. Observe that the non-degenerate
part of the domain of a J-ell satises the same assumptions as the presimpli-
ial spae C•. It follows from the rst part of this proof that any attahing map
of a J-ell intersets only interiors of nitely many J-ells. By the indution
hypothesis it follows that the attahing map of a J-ell has image ontained in
a nite subomplex, and we are done. 
Proposition 6.29 Let X be a spae and A a subspae suh that (X,A) has the
homotopy type of a CW pair. Let q : Z• → W• be a relative J-ell omplex.
Then for any Z•-bundle EA over A the indued map
ConZ•(X,Z; EA)→ ConW•(X,A; q∗EA)
is a bijetion.
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Proof: Using Proposition 6.18 we redue to showing that q indues surjetions
q∗ : Con
f
Z•
(Dm, Sm−1; ESm−1)→ Con
f
W•
(Dm, Sm−1; q∗ESm−1)
for any m and nite Z•-bundle ESm−1 over the boundary sphere. Let E0 be a
W•-bundle that equals q∗ESm−1 over S
m−1
, and let U be the nite and totally
ordered over assoiated to E0. Choose a partition of unity {ψα} subordinate
to U . Denote by φ : U• →W• the simpliial map assoiated to E .
Sine U is nite there is an ǫ > 0 suh that Uǫ dened as {φ−1α (ǫ, 1]} is
a over of Dm. Between U and its shrinking Uǫ there is a over {φ−1α [ǫ, 1]}
onsisting of ompat subsets. Assoiated to these three overs we have the
non-degenerate part of the ordered eh omplexes and natural inlusions
N ǫ• → C• → N•.
We observe that C•, assoiated to the ompat over, satises the ondition of
Lemma 6.28. Consequently, the restrition of φ to C• fators through some nite
subomplex q′ : Z• → W
′
• of the relative J-ell omplex q : Z• → W•. Hene,
the restrition of φ to U ǫ• fators as a map U
ǫ
• →W
′
• followed by the subomplex
inlusion W ′• → W•. Using the tehnique from the proof of Corollary 6.27 we
an now onstrut a nite W ′•-bundle E
′
with E ′|Sm−1 = q
′
∗ESm−1 suh that the
assoiated W•-bundle is onordant to E0 relative to Sm−1. Thus [E0] is in the
image of
ConfW ′
•
(Dm, Sm−1; q′∗ESm−1)→ Con
f
W•
(Dm, Sm−1; q∗ESm−1).
Sine q′ : Z• → W ′• is a nite relative J-ell omplex there is a nite hain
of simpliial spaes
Z• = W
0
• →W
1
• →W
2
• → · · · →W
s−1
• → W
s
• = W
′
•
suh that eah W i• → W
i+1
• is the pushout of some element from J . Let q
i
denote the omposition Z• →W i•. We laim that for eah i the indued map of
onordane lasses
Conf
W i
•
(Dm, Sm−1; qi∗ESm−1)
∼=
−→ Conf
W
i+1
•
(Dm, Sm−1; qi+1∗ ESm−1)
is a bijetion. There are two ases to verify. First, if W i+1• is the pushout of
Dl×I×∆n• ←֓ D
l×I×Λn,k• ∪Dl×{0}×∆n• →W
i
•, thenW
i
• →W
i+1
• is in eah
simpliial degree a homotopy equivalene, whene the map above is a bijetion
by Theorem 6.25. Seondly, if W i+1 is the pushout of ∆n• ←֓ Λ
n,k
• → W i•, the
the map above is a bijetion by Corollary 6.27.
Composing these bijetions, we get a bijetion
ConfZ•(D
m, Sm−1; ESm−1)
∼=
−→ ConfW ′
•
(Dm, Sm−1; q′∗ESm−1).
Thus there is a Z•-bundle E whose restrition to Sm−1 equals ESm−1 and suh
that [q∗E ] = [E0]. This nish the proof. 
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Lemma 6.30 If q : Z• → W• is a relative J-ell omplex, then its geometri
realization |Z•| → |W•| is a weak equivalene.
Proof: Pushouts ommutes with geometri realization, and the geometri
realization of any element of J is both a relative CW omplex and a weak
equivalene. The onlusion follows. 
By Quillen's small objet argument we now get:
Theorem 6.31 Let Z• be a simpliial spae, let X be a spae, and A a subspae
suh that (X,A) has the homotopy type of a CW pair. Then there exists a
simpliial spae Z˜• together with a simpliial map q : Z• → Z˜• suh that
i) Z˜• satises the topologial Kan ondition,
ii) for any Z•-bundle EA over A the indued map
ConZ•(X,A; EA)
q∗
−→ ConZ˜•(X,A; q∗EA)
is a bijetion, and
iii) the geometri realization |q| : |Z•| → |Z˜•| is a weak equivalene.
Moreover, if Z• is a good simpliial spae, then Z˜ an also be taken to be a good
simpliial spae.
Proof: The set J of simpliial maps permits the small objet argument. By
the small objet argument, see for example [16, Proposition 10.5.16℄, it is pos-
sible to onstrut a simpliial map q : Z• → Z˜• suh that q is a relative J-ell
omplex and Z˜• → ∗ has the right lifting property with respet to any elemeny
of J . The last statement immediately implies that Z˜• satises the topologial
Kan ondition. By Lemma 6.30 the geometri realization |q| is a weak equiva-
lene. Property iii) is implied by Proposition 6.29. 
Remark 6.32 It is natural to ask for a model struture on simpliial spaes
suh that the weak equivalenes are the maps Z• → W• that indue bije-
tions q : ConZ•(D
m, Sm−1; ESm−1) → ConW•(D
m, Sm−1; q∗ESm−1) for all m
and ESm−1 , and brant objets are the simpliial spaes satisfying the topologial
Kan ondition. Suh a model struture would not be idential to the realiza-
tion model struture of [24℄. We would like more brant objets, ompare [24,
Lemma 8.10℄. However, answering this question is beyond the sope of the
present paper.
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7 Proof of Theorem 1.1
We want to relate onordane lasses of Z•-bundles to homotopy lasses of
maps into the geometri realization |Z•|. Intuitively, a Z•-bundle over X is a
simpliial map φ : U• → Z•, and realizing gives a map |U•| → |Z•|. As explained
in [9℄ there is a natural weak equivalene X
≃
←− |U•| for any ordered open over
U . Whenever X has the homotopy type of a CW-omplex eah Z•-bundle yields
a well-dened homotopy lass of maps from X into |Z•|. Atually, we will not
use Dugger and Isaksens weak equivalene, but rather we ompare homotopy
lasses and onordane lasses by more diret means.
Given a topologial spae Y there are several ways to funtorially assoiate
a simpliial spae. We have the onstant simpliial spae C•(Y ) dened in
eah simpliial degree as Ck(Y ) = Y and with all fae and degeneray maps
equal to the identity map on Y . On the other hand we have the ontinuous
singular simpliial spae S•(Y ) whose spae of k-simplies is the mapping spae
Top(∆k, Y ). Observe that C•(−) is the left adjoint to the spae of 0-simplies
funtor Z• 7→ Z0 and that S•(−) is the right adjoint to geometri realization
of simpliial spaes. Sine we have a homeomorphism Y
∼=
−→ S0(Y ) there is
a natural map C•(Y ) → S•(Y ). Inspeting the denitions, we see that this
natural map assigns to a point y in Ck(Y ) = Y the onstant map sending all
of ∆k to y ∈ Y . We may also onsider the disrete topology on the set of maps
∆k → Y . This denes the singular simpliial set Sing• Y . There is a natural
simpliial map κ : Sing• Y → S•(Y ) given as the identity on the underlying
sets.
Lemma 7.1 The simpliial spaes C•(Y ), S•(Y ), and Sing• Y are good, the
geometri realization |C•(Y )| is naturally homeomorphi to Y , and the natural
maps indues weak equivalenes
Y ∼= |C•(Y )|
≃
−→ |S•(Y )|
≃
←− | Sing• Y |.
Proof: Clearly C•(Y ) is a good simpliial spae, i.e. all degeneraies are
losed obrations, and we see that the geometri realization of C•(Y ) is natu-
rally homeomorphi to Y . Furthermore, it is not diult to show expliitly that
the map Top(∆k−1, Y )→ Top(∆k, Y ), indued by σi : ∆k → ∆k−1, is the inlu-
sion of a deformation retrat. Consequently, also S•(Y ) is good. The singular
simpliial set is in eah simpliial degree disrete, hene Sing• Y is good.
Let q : Z• → W• be simpliial map between good simpliial spaes. It is a
lassial result that the geometri realization |q| is a weak equivalene if eah
qk : Zk → Wk is a weak equivalene, see for example [20, Setion 2.2℄. This
applies to the simpliial map C•(Y )→ S•(Y ), i.e. we have a weak equivalene
Y ∼= |C•(Y )|
≃
−→ |S•(Y )|.
It is well-known that the ounit of the adjuntion between | − | and Sing•
is a natural weak equivelene | Sing• Y |
≃
−→ Y . Now observe that the ounit
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of the adjuntion between geometri realization and the funtor S•(−) is a
retration to the weak equivelene |C•(Y )|
≃
−→ |S•(Y )|. The result now follows
by ommutativity of the diagram
|S•(Y )|
≃
##G
GG
GG
GG
GG
| Sing• Y |
κoo
≃
zzuu
uu
uu
uu
u
Y.

Let A be a subspae of X , and x a ontinuous map g : A→ Y . Denote by
[X,A;Y, g] the set of maps f : X → Y whose restrition to A equals the xed
map f modulo homotopy relative to A, i.e. two suh maps f0 and f1 represent
the same lass if there is a homotpy between them that is onstant equal to g
on A.
Let φ : U• → C•(Y ) be the simpliial map of a C•(Y )-bundle E over X
subordinate to some ordered open over U . At the level of 0-simplies φ maps
eah open set Uα ∈ U into Y . Moreover, these maps agree on eah intersetion
Uα ∩ Uβ . Hene φ omes from a ontinuous map X → Y , and we all this map
the underlying map of the C•(Y )-bundle. We now have the following important,
but easy observation:
Proposition 7.2 Let X and Y be topologial spaes, and let A be a subspae of
X. Let g : A → Y be the underlying map of a C•(Y )-bundle EA over A. Then
the underling map of C•(Y )-bundles denes a natural bijetion
ConC•(Y )(X,A; EA)
∼=
−→ [X,A;Y, g].
Proof: We ompare the notion of a map X → Y to the notion of a C•(Y )-
bundle over X . The only additional piee of data ontained in the latter deni-
tion is the hoie of an ordered open over U over X . Clearly any two ways of
making this hoie is equivalent up to onordane. The result follows. 
Let us ompare C•(Y )-bundles and S•(Y )-bundles.
Proposition 7.3 Let A →֒ X be a losed obration suh that (X,A) has the
homotopy type of a CW pair. Let Y be a topologial spae, and let EA be any
C•(Y )-bundle over A. Then the natural map i : C•(Y ) → S•(Y ) indues a
bijetion
ConC•(Y )(X,A; EA)
∼=
−→ ConS•(Y )(X,A; i∗EA).
Proof: This follows immediately from Theorem 6.25 sine the simpliial map
i in eah simpliial degree k is a homotopy equivalene Y = Ck(Y )→ Sk(Y ) =
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Top(∆k, Y ). 
Let us also ompare S•(−)-bundles for weakly equivalent spaes Y and Y ′.
Corollary 7.4 Let A →֒ X be a losed obration suh that A has the homotopy
type of a CW omplex and (X,A) has the homotopy type of a CW pair. Let
f : Y → Y ′ be a weak equivalene, and let EA be any S•(Y )-bundle over A.
Then f indues a bijetion
ConS•(Y )(X,A; EA)
∼=
−→ ConS•(Y ′)(X,A; f∗EA).
Proof: By Proposition 7.3 there is a C•(Y )-bundle E ′A over A and a on-
ordane EA×I between the S•(Y )-bundles i∗E ′A and EA. By Lemma 6.15 and
Proposition 6.16 gluing of EA×I gives bijetions. Hene, we have a diagram
ConC•(Y )(X,A; E
′
A)
①

② // ConS•(Y )(X,A; i∗E
′
A)

④ // ConS•(Y )(X,A; EA)
⑥

ConC•(Y ′)(X,A; f∗E
′
A)
③ // ConS•(Y ′)(X,A; f∗i∗E
′
A)
⑤ // ConS•(Y ′)(X,A; f∗EA)
where ④ and ⑤ are bijetions. Furthermore, ① is a bijetion by Proposition 7.2,
and ② and ③ are bijetions by Proposition 7.3. It follows that ⑥ is a bijetion. 
Let Z• be a simpliial spae. Sine the diagram C•(−)→ S•(−)← Sing•(−)
is natural, we an insert Z• and produe a diagram of bisimpliial spaes
C•(Z•)→ S•(Z•)← Sing•(Z•).
Applying the diagonal we reover from C•(Z•) the simpliial spae Z•. Dene
the funtors T and D by sending Z• to diag S•(Z•) and diag Sing•(Z•) respe-
tively. The underlying sets of D(Z•) and T (Z•) are idential. In both ases
a k-simplex is represented by a ontinuous map ∆k → Zk. The dierene is
the topology we plae on this set. In the ase of D(Z•) we take the disrete
topology. In the ase of T (Z•) we take the ompat-open topology on eah of
the mapping spaes. Let κ : D(Z•) → T (Z•) denote the natural map whih is
the identity on the underlying sets.
Lemma 7.5 Assume that Z• is a good simpliial spae. The geometri realiza-
tion of Z• → T (Z•)← D(Z•) gives a diagram of natural weak equivalenes
|Z•|
≃
−→ |T (Z•)|
≃
←− |D(Z•)|.
Proof: Suppose that W•,• is a bisimpliial spae. We an take the geometri
realization in two steps; rst by dening a simpliial spae [k] 7→ |Wk,•| and then
realizing again to get |[k] 7→ |Wk,•||, or we an take the geometri realization of
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the diagonal, | diagW•,•|. It is a lassial result that these two onstrution
produe naturally homeomorphi spaes.
By Lemma 7.1 we get for eah k weak equivalenes
Zk
≃
−→ |S•(Zk)|
≃
←− | Sing• Zk|.
The simpliial spae Z• is good by assumption, and it is not hard to see that
[k] 7→ | Sing• Zk| is good. Observing that eah degeneray si : Zk−1 → Zk
is a losed obration, we use [30, Lemma 4℄ to onlude that the indued
map Top(∆l, Zk−1) → Top(∆l, Zk) also is a losed obration. It follows that
[k] 7→ |S•(Zk)| is a good simpliial spae.
The statement of the lemma follows sine |Z•| → |T (Z•)| ← |D(Z•)| is
homeomorphi to the geometri realization of simpliial maps whih are weak
equivalenes in eah simpliial degree. 
Given a simpliial spae Z•, let η : Z• → S•(|Z•|) denote the unit of the
adjuntion between geometri realization and the ontinuous singular simpliial
spae. We use η to relate Z•-bundles to homotopy lasses of maps into |Z•|.
To be preise, if E is a Z•-bundle over a CW-omplex X represented by a
simpliial map U•
φ
−→ Z•, then omposing with η yields U• → S•(|Z•|), and this
simpliial map orresponds to a well-dened homotopy lass of maps X → |Z•|
by Proposition 7.2 and Proposition 7.3. Our aim is to prove that that η, under
reasonable assumptions, indues a bijetion between onordane lasses. To
handle a tehnial point in this proof we need:
Theorem 7.6 ((Whitney)) Every open subset of Sn−1 is a CW-omplex.
Proof: Every proper subset U of Sn−1 embeds as an open subset of Rn−1.
Consider meshes Ms in R
n−1
of ubes with side length 2−s, suh that Ms+1 is
a subdivision of Ms. Following [33, Setion 8℄, we an write U as a union
⋃
sKs
suh that Ks onsists of ubes in Ms, the interiors of the Ks's are mutually
disjoint, and Ks meets only Ks−1 and Ks+1. This is a CW-struture on U . 
Lemma 7.7 Assume that Z• satises the topologial Kan ondition and U is
a good ordered open over of Sn−1. For every simpliial map φ : U• → T (Z•)
there exists a simpliial map Φ: U• × I → T (Z•) suh that φ = Φ(−, 1) and
Φ(−, 0) fators as U• → D(Z•)
κ
−→ T (Z•).
Proof: Let N• be the non-degenerate part of the ordered eh omplex U•
assoiated to the good ordered open over U . It is enough to dene Φ as a
presimpliial map N• × I → T (Z•). Inspeting the denition of T (Z•), we see
that mapsN• → T (Z•) an be desribed by ontinuous maps φk : Nk×∆k → Zk
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suh that the following presimpliial oherene diagrams ommute for all fae
maps di:
Nk ×∆k
φk // Zk
di

Nk ×∆
k−1
id×δi
55llllllllllllll
di×id ))RRR
RRR
RRR
RRR
RR
Nk−1 ×∆
k−1
φk−1 // Zk−1.
Observe that a map N• → T (Z•) fators through κ : D(Z•) → T (Z•) if and
only if for eah k and t ∈ ∆k the funtion sending x ∈ Nk to φk(x, t) is a loally
onstant on Nk.
By denition the spae of non-degenerate k-simplies isNk =
∐
α0<···<αk
Uα0···αk .
Sine U is a good over, eah onneted omponent of Nk is ontratible. Hene,
there exists loal ontrations Hk : Nk × I → Nk, i.e. homotopies suh that for
x ∈ Nk we have Hk(x, 1) = x, whereas Hk(x, 0) is loally onstant.
Let φk : Nk ×∆k → Zk be the olletion of maps that represents the given
simpliial map φ : U• → T (Z•). By indution on k we will onstrut maps
Φk : Nk × I ×∆k → Zk suh that
i) Φk(x, 1, t) = φk(x, t) for all x ∈ Nk and t ∈ ∆k,
ii) for t ∈ ∆k xed, the expression Φk(x, s, t) is loally onstant as a funtion
Nk ×
[
0, 1
k+2
]
→ Zk, and
iii) all presimpliial oherene diagrams for Φ ommute.
We begin by dening Φ0. For x ∈ N0, s ∈ I and 1 ∈ ∆0 we dene
Φ0(x, s, 1) =
{
φ0(H
0(x, 2s− 1), 1) if s ≥ 12
φ0(H
0(x, 0), 1) if s ≤ 12 .
Next, we onstrut Φk from Φi, i < k. This is done in four steps:
First step. In this step we will extend φk : Nk × {1} ×∆k → Zk to a map
Φk :
(
Nk ×
[
1
k + 1
, 1
]
× ∂∆k
)
∪
(
Nk × {1} ×∆
k
)
→ Zk.
We will do this by indution over the dimension of proper faes σ of ∆k. Given
a fae σ, let I be the subset of [k] suh that n ∈ I if and only if σ is ontained
in the n'th (k − 1)-fae of ∆k. We an, by the indution hypothesis, onstrut
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a diagram
Nk ×
([
1
k+1 , 1
]
× ∂σ ∪ {1} × σ
)
//

Zk
cIk

Nk ×
[
1
k+1 , 1
]
× σ // CΛIk(Z•),
where the lower map omes from the Φi, i < k. The vertial map on the left
side is a ellular inlusion between CW-omplexes, and a homotopy equivalene.
The topologial Kan ondition says that cIk is a Serre bration. Hene, a lift
exists, and we use this to dene Φk on Nk ×
[
1
k+1 , 1
]
× σ.
Seond step. Let
r :
[
1
k + 1
, 1
]
×∆k →
( [ 1
k + 1
, 1
]
× ∂∆k
)
∪
(
{1} ×∆k
)
be a retration. For x ∈ Nk,
1
k+1 ≤ s ≤ 1, t ∈ ∆
k
, we dene
Φk(x, s, t) = Φk(r(x, s, t)),
where the Φk on the right side is dened by the previous step.
Third step. Reall that Hk denoted a loal ontration of Nk. Choose
a funtion f :
[
1
k+2 ,
1
k+1
]
→ I suh that f( 1
k+2 ) = 0 and f(
1
k+1 ) = 1. For
x ∈ Nk,
1
k+2 ≤ s ≤ 1, t ∈ ∆
k
, we now dene
Φk(x, s, t) =
{
Φk(x, s, t) if
1
k+1 ≤ s,
Φk(H
k(x, f(s)), 1
k+1 , t) if
1
k+2 ≤ s ≤
1
k+1 .
Again, the Φk on the right omes from the previous step. At this stage,
we should verify that the presimpliial oherene diagrams ommute for s ∈[
1
k+2 ,
1
k+1
]
, i.e. we need to hek the equality
diΦk(x, s, δit) = Φk−1(dix, s, t)
for all fae maps di, x ∈ Nk, s as above and t ∈ ∆k−1. This is an easy exerise
using that equality holds for s = 1
k+1 , and that when xing t the funtion
Φk−1(y, s, t) is loally onstant on Nk−1 ×
[
0, 1
k+1
]
.
Final step. The steps above dene Φk on Nk ×
[
1
k+2 , 1
]
×∆k. Now extend
the domain to all of Nk × I ×∆k by
Φk(x, s, t) = Φk(x,
1
k + 2
, t), for s ≤
1
k + 2
.
This ompletes the onstrution of all Φks.
Sine Φk(x, 0, t) is loally onstant for xed t ∈ ∆k, it follows that Φ(−, 0): N• →
T (Z•) fators through D(Z•). This ompletes the proof of the lemma. 
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Lemma 7.8 Let Z• be a good simpliial spae satisfying the topologial Kan
ondition. Let U be a good ordered open over of Dn suh that the restrition to
Sn−1 also is good. Let U• and U
∂
• denote the ordered eh omplex assoiated
to U and its restrition to Sn−1 respetively. Suppose that the pair (|U•|, |U∂• |)
is a relative CW-omplex. Let φ∂ be a simpliial map U∂• → D(Z•), and let φ˜
be a ontinuous map |U•| → |T (Z•)| suh that the diagram
U∂•

φ∂ // D(Z•)
ηκ

U•
φ // S•(|T (Z•)|)
ommutes. Here φ is the adjoint of φ˜. Then there exists a simpliial map
φ′ : U• → D(Z•) extending φ
∂
suh that the omposition |U•|
|φ′|
−−→ |D(Z•)|
|κ|
−−→
|T (Z•)| is homotopi to φ˜ relative to |U∂• |.
Proof: Sine |κ| : |D(Z•)| → |T (Z•)| is a weak equivalene it follows by
lassial tehniques, see [27, Theorem 7.6.22℄, that there exists a map φ˜1 : |U•| →
|D(Z•)| suh that the omposition
|U•|
φ˜1−→ |D(Z•)|
|κ|
−−→ |T (Z•)|
is homotopi to φ˜ relative to |U∂• |.
A key idea in what follows is to replae the eh omplexes U• and U
∂
• by
their simpliial sets of path omponents V• and V
∂
• . To be preise, we dene
the k-simplies of V• to be the set of path omponents of Uk, i.e. we have
Vk = π0Uk. Beause U is good the natural quotient map q : U• → V• is a weak
equivalene in eah simpliial degree. Consequently, we get a weak equivalene
|U•|
≃
−→ |V•|. Similarly for V ∂• .
Inside the mapping ylinder |U•| × I ∪|q| |V•| we nd |U•| × {0} ∪0 |U
∂
• | ×
I ∪|q∂ | |V
∂
• | lying as a deformation retrat. The restrition of φ˜1 to |U
∂
• | fators
through |V ∂• | sine it is the realization of the simpliial map φ
∂ : U∂• → D(Z•)
and D(Z•) is a simpliial set. It follows that φ˜1 extends to a map
|U•| × {0} ∪0 |U
∂
• | × I ∪|q∂ | |V
∂
• | → |D(Z•)|
being onstant in the I-oordinate. Using the deformation retration, we extend
to a map from the mapping ylinder of q,
|U•| × I ∪|q| |V•| → |D(Z•)|.
Consequently we get a ontinuous map φ˜2 : |V•| → |D(Z•)| whose restrition to
|V ∂• | agrees with the realization of φ
∂
and suh that there is a homotopy relative
to |U∂• | between φ˜1 and the omposition
|U•|
|q|
−→ |V•|
φ˜2
−→ |D(Z•)|.
57
The adjoint of φ˜2 ts into the following solid ommutative diagram of sim-
pliial sets,
V ∂•
//

D(Z•)
η

V•
φ2 //
99
Sing• |D(Z•)|.
Sine Z• satises the topologial Kan ondition, we know that D(Z•) is a Kan
omplex by Theorem 4.4. It follows that η is a weak equivalene between brant
and obrant objets. It is well-known, see for example [17, Lemma 4.6℄, that
under these irumstanes the dotted map exists suh that the upper triangle
ommutes, while the lower triangle ommutes up to homotopy relative to V ∂• .
This implies that there is a simpliial map φ3 : V• → D(Z•) whose restrition
to V ∂• is φ
∂
and suh that there is a homotopy relative to |U∂• | between φ˜2. This
onludes the proof. 
Lemma 7.9 Let U ′ be any ordered open over of Dn. Then there exists a re-
nement U of U ′ together with a arrier funtion, suh that U and its restrition
to Sn−1 both are good overs and the pair (|U•|, |U∂• |) is a relative CW-omplex.
Here U• and U
∂
• are the ordered eh omplexes assoiated to U and the restri-
tion U∂ of U to Sn−1.
Proof: To prove the lemma we introdue onvex fragments of spherial shells.
We all a subset V of Sn−1 onvex if
i) V ontains no pair of antipodal point, and
ii) whenever x and y lies in V then the shortest segment of the great ar
between x and y is ompletely ontained in V .
We all a subset U of Dn a onvex fragment of a spherial shell if there is a
onvex subset V of Sn−1 and an interval J ⊆ (0, 1] suh that
i) the set U does not ontain the enter of Dn, and
ii) a point x in Dn is ontained in U if and only if there exists y ∈ V and
r ∈ J suh that x = ry.
A subset U of Dn is a ball if there exists an interval J ⊆ [0, 1] suh that 0 ∈ J
and x lies in U if and only if ‖x‖ ∈ J . Observe that the intersetion between a
onvex fragment of a spherial shell and either a ball or another onvex fragment
of a spherial shell is again a onvex fragment of a spherial shell.
Given the ordered open over U ′ we let U be an ordered open over suh
that
i) eah Uα in U is either an open ball of radius less than 1 or a open onvex
fragment of a spherial shell, and
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ii) eah Uα in U is ontained in some U ′β in U
′
.
The existene of suh a over U follows from the fat that the olletion of all
open balls and open onvex fragments of spherial shells is a basis for the topol-
ogy on Dn. Choose any arrier funtion c : I → I ′ between the orresponding
indexing sets.
Any non-empty nite intersetion Uα0...αk of subsets in U is ontratible
sine it is either a ball or a onvex fragment of a spherial shell. Consequently
U is a good over. Moreover, the restrition of U to Sn−1 is a over U∂ onsist-
ing of open onvex subsets. Hene U∂ is also good. To hek that (|U•|, |U∂• |) is
a relative CW omplex it is enough to see that for eah nite intersetion the
pair (Uα0...αk , Uα0...αk ∩ S
n−1) is a relative CW omplex. Suh a pair is either
an open ball relative to the empty set or an open onvex fragment of a spherial
shell relative to an open onvex subset of Sn−1. In both ases an argument
using the tehnique of Theorem 7.6 shows that we indeed have a relative CW
omplex. This proves the lemma. 
Proposition 7.10 Assume that Z• is good and satises the topologial Kan
ondition. Let ESn−1 be any T (Z•)-bundle over S
n−1
. Then the map
η∗ : ConT (Z•)(D
n, Sn−1; ESn−1)→ ConS•(|T (Z•)|)(D
n, Sn−1; η∗ESn−1)
is surjetive.
Proof: Let E ′ be any S•(|T (Z•)|)-bundle with E ′|Sn−1 = η∗ESn−1 , and let U
′
be
the ordered open over assoiated to E ′. Use Lemma 7.9 to hoose a renement
U of U ′. The arrier funtion c : I → I ′ between the orresponding indexing sets
indues simpliial maps i : U• → U
′
• and i∂ : U
∂
• → U
′∂
• between the ordered
eh omplexes of U and U ′ and their restrition to Sn−1 respetively. Using
i and i∂ we hange the assoiated over and get a new S•(|T (Z•)|)-bundle i∗E ′
and a new T (Z•)-bundle i
∗
∂ESn−1 .
We laim that there exists a onordane of S•(|T (Z•)|)-bundles between
E ′ and i∗E ′ whose restrition to Sn−1 lifts to a onordane of T (Z•)-bundles
between ESn−1 and i
∗
∂ESn−1 . Let φ
′ : U ′• → S•(|T (Z•)|) be the simpliial map
orresponding to E ′. By denition the omposition φ′i orresponds to i∗E ′. To
see the existene of these onordanes it is suient to onstrut a new ordered
open over U ′′ together with a simpliial map φ′′ : U ′′• → Z• suh that U and
U ′ are subovers and φ′i and φ′ are the restritions of φ′′. Let the indexing set
I ′′ of U ′′ be the disjoint union I ∐ I ′ and give I ′′ the smallest partial ordering
suh that the inlusions of I and I ′ are order preserving and α > β whenever
c(α) = β. We dene U ′′ = U ∪ U ′. Observe that c extends to a arrier funtion
c′′ : I ′′ → I ′ induing a map r : U ′′• → U
′
• of the orresponding ordered eh
omplexes suh that r is a retration of U ′• → U
′′
• . Dene φ
′′ = φ′r. This proves
the laim.
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As a onsequene of this laim it follows that there is a ommutative diagram
ConT (Z•)(D
n, Sn−1; i∗∂ESn−1)
② //
∼=

ConS•(|T (Z•)|)(D
n, Sn−1; η∗i
∗
∂ESn−1)
∼=

ConT (Z•)(D
n, Sn−1; ESn−1)
① // ConS•(|T (Z•)|)(D
n, Sn−1; η∗ESn−1),
where the vertial maps are gluing of onordanes over Sn−1. These vertial
maps are bijetions by Lemma 6.15 and Proposition 6.16. Moreover, the lass
represented by E ′ orresponds to the lass represented by i∗E ′. So it is enough
to prove that i∗E ′ lies in the image of ②.
Sine U∂ is a good over, Lemma 7.7 applies to the simpliial map φSn−1i∂ : U
∂
• →
T (Z•) assoiated to i
∗
∂ESn−1 . Thus we get a D(Z•)-bundle E
∂
over Sn−1 to-
gether with simpliial map Φ: U∂• × I → T (Z•) suh that Φ(−, 1) = φSn−1i∂
and Φ(−, 0) = κφ∂ , where φ∂ : U∂• → D(Z•) is assoiated to E
∂
.
Let φ˜′ : |U•| → |T (Z•)| denote the adjoint of the simpliial map φ′i : U• →
S•(|T (Z•)|) assoiated to i∗E ′. We see that the geometri realization of Φ math
up with φ˜′ and produe a ontinuous map
|U∂• | × I ∪ |U•| × {1} → |T (Z•)|.
Sine (|U•|, |U∂• |) is a relative CW omplex it follows that the inlusion |U
∂
• | ×
I∪|U•|×{1} →֒ |U•|×I is a trivial obration, and onsequently we may extend
the map above to a ontinuous map
Φ˜ : |U•| × I → |T (Z•)|.
The simpliial map Φ immediately gives a onordane of T (Z•)-bundles
between i∗∂ESn−1 and κ∗E
∂
. Furthermore, the adjoint of Φ˜ gives a onordane of
S•(|T (Z•)|)-bundles from i∗E ′ to a new S•(|T (Z•)|)-bundle E ′′. The restrition
of the latter onordane to Sn−1 is the image of the rst onordane under
η∗. Moreover, E ′′ has the following properties:
i) it is subordinate to the good over U ,
ii) the restrition of E ′′ to Sn−1 orresponds to a simpliial maps that fators
as
U∂•
φ∂
−−→ D(Z)
ηκ
−→ S•(|T (Z•)|).
Consequently, the gluing of these onordanes gives a ommutative diagram
ConT (Z•)(D
n, Sn−1;κ∗E∂)
③ //
∼=

ConS•(|T (Z•)|)(D
n, Sn−1; η∗κ∗E∂)
∼=

ConT (Z•)(D
n, Sn−1; i∗∂ESn−1)
② // ConS•(|T (Z•)|)(D
n, Sn−1; η∗i
∗
∂ESn−1),
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where i∗E ′ in the lower left orner lifts to E ′′ in the upper left orner.
Translating Lemma 7.8 into the language of ?•-bundles we get a D(Z•)-
bundle E over Dn whose restrition to Sn−1 equals E∂ , together with a onor-
dane relative to Sn−1 between the S•(|T (Z•)|)-bundles E ′′ and η∗κ∗E . Thus
the lass of E ′′ is in the image of ③. This implies that the lass of E ′ is in the
image of ①, and we are done. 
Corollary 7.11 Assume that Z• is good and satises the topologial Kan on-
dition. Let A →֒ X be a losed obration suh that (X,A) has the homotopy
type of a CW-pair. Let EA be any Z•-bundle over A. Then the map
η∗ : ConT (Z•)(X,A; EA)→ ConS•(|T (Z•)|)(X,A; η∗EA)
is a bijetion.
Proof: This follows diretly from the proposition above together with Propo-
sition 6.18. 
We have now almost proved the following theorem:
Theorem 7.12 Assume that X has the homotopy type of a CW-omplex, and
that Z• is good. Then geometri realization indues a bijetion ConZ•(X)
∼=
−→
[X, |Z•|].
In some sense this theorem is related to [21, Proposition A.1.1℄. Let us now
explain how the our theory of onordanes gives a proof:
Proof: By Theorem 6.31 there is a good simpliial spae Z˜• satisfying the
topologial Kan ondition together with a simpliial map q : Z• → Z˜• induing
bijetions of onordane lasses and homotopy lasses of maps. Now onsider
the following diagram:
ConZ•(X)
① //

ConZ˜•(X)
② //

ConT (Z˜•)(X)
③

ConS•(|Z•|)(X) // ConS•(|Z˜•|)(X)
// ConS•(|T (Z˜•)|)(X)
ConC•(|Z•|)(X)
④
OO
//
⑤

ConC•(|Z˜•|)(X)
④
OO
//
⑤

ConC•(|T (Z˜•)|)(X)
④
OO
⑤

[X, |Z•|]
⑦ // [X, |Z˜•|]
⑥ // [X, |T (Z˜•)|].
61
The maps ① and ⑦ are indued by q and they are bijetions by Theorem 6.31.
Sine the natural map Z˜• → T (Z˜•) is a homotopy equivalene in eah simpliial
degree, it follows from Theorem 6.25 that ② is a bijetion. Moreover, the map
⑥ is a bijetion for the same reason, see Lemma 7.5. By Corollary 7.11 the map
③ is a bijetion. All maps marked ④ are bijetions by Proposition 7.3, and all
maps marked ⑤ are bijetions by Proposition 7.2. Consequently, we get our
natural bijetion by omposing these maps. 
Observe that we easily ould generalize the theorem to a CW-omplex X
relative to xed data over some subomplex A.
Of ourse we have the ase Z• = ∆2C in mind, and when 2C is a good
topologial 2-ategory the ondition of Theorem 7.12 is satised. Thus we get
a proof of the Theorem 1.1. Reasonable riteria implying that 2C is good are
provided by Theorem 5.6.
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